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Abstract 

Consider the minimal Sturm-Liouville operator A = ^min generated by 
the differential expression 

in the Hilbert space L^(R+,H) where T = T* > in H. We investigate 
the absolutely continuous parts of different self-adjoint realizations of 
A. In particular, we show that Dirichlet and Neumann realizations, 
A^ and A'^ , are absolutely continuous and unitary equivalent to each 
other and to the absolutely continuous part of the Krein realization. 
Moreover, if infCTcss(r) = infcr(r) > 0, then the part A'^'Ej^iaiA^)) 
of any self-adjoint realization A of ^ is unitarily equivalent to A^ . 
In addition, we prove that the absolutely continuous part A'^" of any 
realization A is unitarily equivalent to A^ provided that the resolvent 
difference {A — — {A^ — is compact. The abstract results are 
applied to elliptic differential expression in the half-space. 
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1 Introduction 

Let T be a non-negative self-adjoint operator in an infinite dimensional separable 
Hilbert space T-l. We consider the minimal Sturm-Liouville operator A generated 
by the differential expression 

A:=-§,+T (1.1) 

in the Hilbert space Sj :— L^(R+, H) of H-valued square summable vector- valued 
functions. Following [18[ [TO] the minimal operator A :— Amin is defined as the 
closure of the operator A' defined by 




where W^o'^(M+) := {(/) € W'^'^{R+) : (/)(0) = 0'(O) = 0}, that is, A^^in := A'. 
It is easily seen that A is a closed non-negative symmetric operator in H with 
equal deficiency indices n±{A) — dim('H). The adjoint operator A* oi A — An^n 
is the maximal operator denoted by A^ax Extensions of A are usually called 
realizations of A, self-adjoint extensions are called self-adjoint realizations. Self- 
adjoint realizations of A were firstly investigated by M. L. Gorbachuk [151 in 



2 



the case of finite intervals /. Namely, he showed that the traces of vector- 
functions / e dom (Aniax) belong to the space 'H_i/4(T), cf. (|5.2p . In particular, 
dom(Amax) is not contained in the Sobolev space W^'^{I,'H). Based on this 
result he constructed a boundary triplet for the operator A^^x = ^min ^ ^* 
in the Hilbert space L^{I,'H). These results are similar to those for elliptic 
operators in domains with smooth boundaries, cf. [3J HU I^H], and go back to 
classical papers of M.I. Visik [37] and G. Grubb [20] . 

After the pioneering work [T^ the spectral theory of self-adjoint and dissi- 
pative realizations of A in L'^{I,'H) has intensively been investigated by sev- 
eral authors for bounded intervals. Their results have been summarized in the 
book of M.L. and V.I. Gorbachuk ^| Section 4] where one finds, in particular, 
discreteness criterion, asymptotic formulas for the eigenvalues, resolvent com- 
parability results, etc. Some results from [T^ including the construction of a 
boundary triplet were extended in jlll Section 9] to the case of the semi-axis. 

However neither the absolutely continuous spectrum (in short ac-spectrum) 
nor the unitary equivalence of self-adjoint realizations of A have been investi- 
gated in previous papers. We show, cf. Lemma TS.li that the domain dom (A) 
of the minimal operator A coincides algebraically and topologically with the 
Sobolev space Wq;^{R+,H) := {/ G W}-^{K+,H) : /(O) = /'(O) = 0}, where 
W^''^{R+,'H) consists of -H-valued functions /(•) e W'^''^{R+,n) satisfying 

11/11'^.^.-= / {\\f"it)rn + \\fml + \\Tf{t)\\l)dt<^. 

This statement is similar to the classical regularity result for minimal elliptic 
operators with smooth coefficients, see [31 HT] [55]. Besides we show that the 
Dirichlet and Neumann realizations defined by 

dom(A^) {f eW^-\R+,n): /(O) = 0}, 

dom (A^) {/ e W}'\R+,H) : /'(O) - 0} 

are self-adjoint, cf. Proposition 15.21 This statement is similar to that of the 
regularity of Dirichlet and Neumann realizations in elliptic theory (cf. [S] 1211 
[29]). It looks surprising, that these regularity statements were not obtained in 
previous papers even in the case of finite intervals. 

Moreover, we show that the realizations A^ and A^ are absolutely continu- 
ous and unitarily equivalent for any T. We note that these results can easily be 
obtained using the tensor product structure of A^ and A^ , see Appendix A. 2. 
However, the method fails if the special tensor product structure is missing. We 
investigate the spectral properties of arbitrary self-adjoint realizations of A by 
investigating the corresponding Weyl functions. 

We point out that the results substantially differ from those for Dirichlet 
and Neumann extensions Af and A^ of ^ on a finite interval /. In the later 
case the spectral properties of Af and A^ strongly correlate with those of T, cf. 
Appendix A.l. In particular, we show that, in contrast to the case of a finite 
interval, for any T = T* > none of the realizations of A on the semi-axis is 
pure point, purely singular or discrete. Moreover, we show that for any T > 
the Dirichlet and the Neumann realizations A^ and A^ are ac-minimal in the 
following sense. 

Definition 1.1 ([33', Definition 3.5, Definition 5.1]) Let A be a closed 
symmetric operator and let Aq be a self-adjoint extension of A. 
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(i) We say that is ac-minimal if for any self-adjoint extension A oi A the 
absolutely continuous part Ag'^ is unitarily equivalent to a part of A. 

(ii) Let (To ■= (^aciAo). We say that Aq is strictly ac-minimal if for any self- 
adjoint extension A oi A the part A°-''E^{ao) of A is unitarily equivalent to the 
absolutely continuous part Aq'^ of Aq . 

One of our main results, which follows from Theorem 15.61 Theorem 15.71 and 
Corollarv l5.8l can be summarized as follows: 

Theorem 1.2 Let T be a non-negative self-adjoint operator in the infinite di- 
mensional Hilbert space % with to — inf cr(T) and ti = inf (Toss {T)- Further, let 
A he a self-adjoint realization of A. Then the following holds: 

(i) The Dirichlet and the Neumann realizations A^ and A^ of A are unitarily 
equivalent, absolutely continuous and a{A^) ~ aac{A^) ~ a{A^) = aac(A^) = 
[to,oo). 

(ii) The Dirichlet, Neumann and Krein realizations A^ , A^ and A^ of A are 
ac-minimal. 

(iii) These realizations are strictly ac-minimal if and only if to = ti. 

(iv) // one of the following conditions 

(A-i)-' -{A'' -i)-' or (l-i)-i-(A^-z)-ie6oo(i3) 

is satisfied, then the absolutely continuous part A°'^ of A is unitarily equivalent 
to the Dirichlet realization A^ . 

(v) If to = ti, then the absolutely continuous part A"''^ of A is unitarily equiva- 
lent to the Dirichlet realization A^ provided that 

(A-i)-' -{A^ -iy' ee^ii^). 

At first glance it seems that the ac-minimality of A^ contradicts the classi- 
cal Weyl-v. Neumann theorem, cf. ^2, Theorem X.2.1], which guarantees the 
existence of a Hilbert-Schmidt perturbation C = C* such that the spectrum 
a-{A^-\-C) of the perturbed operator A^-\-C is pure point. But, in fact. Theorem 
ll.2| presents an explicit example showing that the analog of the Weyl-v. Neumann 
theorem does not hold for non-additive classes of perturbations. Indeed, The- 
orem [TT^] shows that for the class of self-adjoint extensions of A the absolutely 
continuous part can never be eliminated. Moreover, if {A — i)^^ — {A^ — i)~^ 
is compact, then even unitary equivalence holds. 

We apply Theorem ll.2l and other abstract results to Schrodinger operators 

considered in the half-space R""^^ = R+ x R", n G N. Here q is a bounded non- 
negative potential, q — q G L°°{M."), q > 0. In this case the minimal elliptic 
operator L := Lmin generated in L^(R"~''^) by the differential expression C can 
be identified with the minimal operator A = Amin generated in Sj ~ i^(R+,'H), 
n := L'^{R"), by the differential expression with T = -A^ -\- q = T* . 

Therefore and due to the regularity theorem (see [HJ [32]) the Dirichlet 
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and the Neumann L realizations of the elliptic expression L are identified, 
respectively, with the realizations and of the expression A. Moreover, 
the Krein realization of C is identical with A^ . This leads to statements 
on realizations of C which are similar to those of Theorem II .21 In fact, one has 
only to replace A by L in Theorem 11.21 In addition, if the condition 

lim / q{.y)dy^Q (1.3) 

is satisfied, then and are absolutely continuous and strictly ac-minimal. 
In particular, cr(L^) = aac{L^) = a{L^) = <7ac{L'^) = [0,oo). 

To prove Theorem 11.21 we consider the minimal symmetric operator A as- 
sociated with the differential expression A in the framework of extension the- 
ory, more precisely, in the framework of boundary triplets intensively developed 
during the last three decades, see for instance [TTl [T^l [H] or [5] and references 
therein. The key role in this theory plays the so-called abstract Weyl func- 
tion introduced and investigated in [TOl [11] [12]. Moreover, the proofs invoke 
techniques elaborated in [^ and our recent publication [33] . 

Namely, the proofs of unitary equivalence are based on some statements from 
[53] . which allow to compute the spectral multiplicity function iV^„^(-) of the 
ac-part A"-'' of an extension A — A* in terms of boundary values of the Weyl 
functions at the real axis, cf. Proposition 12.61 and Corollarv l2.7l 

We construct a special boundary triplet for the operator A* (in the case of 
unbounded T — T* > 0) representing A as a direct sum of minimal Sturm- 
Liouville operators S„ with bounded operator potentials T„ := T£'r([n— 1, n)), 
n £ N, where Et{-) is the spectral measure of T. The corresponding Weyl 
function M(-) has weak boundary values 

A/(A) := M(A + iO) = w-limM(A -I- iy) for a.e. A G M. (1.4) 

This boundary triplet differs from that used in [TT] Section 9] . It is more suitable 
for the investigation of the ac-spectrum of realizations of A than that one of [TT] 
Section 9]. Due to the property (|1.4p the statement (iv) of Theorem 11.21 follows 
immediately from our recent result [331 Theorem 1.1]). We note that this is more 
than one can expect when applying the classical Kato-Rosenblum theorem [33J 
I3B] . Indeed, in accordance with its generalization by Kuroda [551 ^7} , Birman 
[4] and Birman and Krein ^ it is required that the resolvent differences in (iv) 
and (v) of Theorem 11.21 belong to the trace class ideal and not to the compact 
one as actually assumed. We note also that although the limit (11.41) does not 
exist for the Weyl function of the Neumann realization A'^ the conclusion (iv) 
of Theorem 1 1.2 1 still remains valid, cf. Theorem ll.2f v'). 

The paper is organized as follows. In Section 2 we give a short introduction 
into the theory of boundary triplets and the corresponding Weyl functions. We 
recall here some statements on spectral multiplicity functions and the main 
theorem from [33] used in the following. 

In Section 3 we obtain some new results on symmetric operators S :— 
®^=i being an infinite direct sum of closed symmetric operators Sn with 
equal deficiency indices. First, let n„ = {"Hn, Ton, Fin} be a boundary triplet 
for 5*, n e N. In general, the direct sum 11 = ©^j^ n„ is not a boundary 
triplet for S* = 0,"^! 5"^, cf. [23^. Nevertheless, we show, cf. Theorem|331 that 
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each boundary triplet n„ can slightly be modified such that the new sequence 
n„ = {^n,ron,rin} of boundary triplets possess the following properties: 

(i) the direct sum 

oo oo oo 

n = 0n„ = {H,ro,ri}, h:=0h„, r, :=0r,„, j e {o.i}, 

n— 1 n— 1 n—1 

is already a boundary triplet for S* ; 

(ii) the extension Sq S* \ kerFo satisfies Sq ~ S'on where 

Son := \ kcrTon = 5* \ kerTon =: 5o„, n e N. 

Moreover, the Weyl function M{-) corresponding to the triplet 11 is block- 
diagonal, that is, M{-) — ®^]^ Mn{-) where M„(-) is the Weyl function corre- 
sponding to the triplet n„, n S N. This result plays an important role in the 
sequel. In particular, we show that the self-adjoint extension Sq = ®^]^ Son 
is ac-minimal provided that the deficiency indices n±[Sn) are equal and finite. 
We also prove in this section that if > 0,n S N, then the Friedrichs and 
Krein extensions and of S := 5*71, respectively, are the direct sums 

of Friedrichs and Krein extensions of the summands Sn, i.e., := 5*^ 
and := , cf. Corollary 13.51 In a recent paper [21] Theorem 13. 31 has 

been applied to Schrodinger operators with local point interactions. 

In Section 4 we consider Sturm-Liouville operators with bounded operator 
potentials. In this case it is easy to construct a boundary triplet for A*. We 
prove here Theorem 11.21 in the case T € [H] and establish some additional 
properties of Krein's realization as well as other realizations. 

In Section 5 we extend the results to the case of Sturm-Liouville opera- 
tors with unbounded non-negative operator potentials. We construct here a 
boundary triplet for A* using results of both Sections 3 and 4 and compute the 
(block-diagonal) Weyl function. Based on this construction we prove Theorem 
II. 21 for unbounded T and establish some additional properties of Dirichlet, Neu- 
mann and other realizations as well. In particular, we prove here the regularity 
results mentioned above. Finally, we apply the abstract results to the elliptic 
partial differential expression C in the half-space. 

In the Appendix we present some results on realizations of A admitting 
separation of variables, i.e., having a certain tensor product structure. 

The main results of the paper have been announced (without proofs) in |32) , 
a preliminary version has been published as a preprint ^31^ . Since the results of 
the paper are obvious if dim('H) < oo we consider the case when dim('H) = oo. 

Notations In the following we consider only separable Hilbert spaces which 
are denoted hy Sj, H etc. A closed linear relation in "H is a closed subspace of 
T-L®T-L- The set of all closed linear relations in T-L is denoted by C(H). A graph 
gr (i?) of a closed linear operator B belongs to C{'H). The symbols C{Hi,H2) 
and [i]i,i02] stand for the sets of closed and bounded linear operators from i^i 
toi32, respectively. We set C(-H) ■.^C{H,H) and [Sj] := [Sj,S)]. We regard CCH) 
as a subset of C{7i) identifying an operator B with its graph gr (B). 

The Schatten-v. Neumann ideals of compact operators are denoted by 
©p(-^)i P G [l;0o], where 6i(i^), &2{S}) and 6oo(-5) are the ideals of trace, 
Hilbert-Schmidt and compact operators, respectively. 
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The symbols dom(r), ran(T), g{T) and (j{T) stand for the domain, the 
range, the resolvent set and the spectrum of an operator T £ C(?^), respectively; 
T'"^ and crac{T) stand for the absolutely continuous part and the absolutely 
continuous spectrum of a self-adjoint operator T ~ T* . 

2 Preliminaries 

2.1 Boundary triplets and proper extensions 

In this section we briefly recall basic facts on boundary triplets and their Weyl 
functions, cf. [TUl HH HI [H . 

Let A be a densely defined closed symmetric operator in the separable Hilbert 
space -$5 with equal deficiency indices n±(A) = dim(kcr (A* =p i)) < oo. 

Definition 2.1 ( [19] ) A triplet 11 = {'H,ro,ri}, where H is an auxiliary 
Hilbert space and rojFi : dom(A*) — >• H are linear mappings, is called an 
boundary triplet for A* if the "abstract Green's identity" 

{A*f,g)-{f,A*g)^{r^f,Tog)n-{ro.f,r,g)n, f,gedom{A*), (2.1) 

holds and the mapping T :— (Fq, Fi) : dom (A*) ^ "H ® "H is surjective. 

Definition 2.2 ( |19] ) A closed extension A' of A is called a proper exten- 
sion, in short A' € Ext^, ii A C A' C A* . Two proper extensions A', A" are 
called disjoint if dom {A') n dom {A") = dom {A) and transversal if in addition 
dom {A') + dom {A") = dom (A*). 

Clearly, any self-adjoint extension A — A* is proper, A E Ext^. A boundary 
triplet n = {'H,Fo,Fi} for A* exists whenever n+{A) = Moreover, 
the relations n±{A) = dim('H) and ker(Fo) nker(Fi) = dom (A) are valid. In 
addition one has Fq, Fi G H] where io+ denotes the Hilbert space obtained 
by equipping dom (A*) with the graph norm of A* . 

Using the concept of boundary triplets one can parameterize all proper, in 
particular, self-adjoint extensions of A. For this purpose we denote by C('H) the 
set of closed linear relations in H, that is, the set of all closed linear subspaces 
oi'H(B'H. A linear relation 6 is called symmetric if 9 C 0* and self-adjoint if 
Q — Q* where G* is the adjoint relation. For the definition of the inverse and 
the resolvent set of a linear relation 9 we refer to [T5] . 

Proposition 2.3 Let H = {H,Fo,Fi} be a boundary triplet for A* . Then the 
mapping 

Ext A 9 I ^ Fdom (I) = {{Fo/, Fi/} : / € dom (I)} =: 6 G C{H) (2.2) 

establishes a bijective correspondence between the sets Ext^i and 0(1-1). We put 
Aq := A where Q is defined by (j2.2l) . Moreover, the following holds: 

(i) Aq = Aq if and only if Q — Q* ; 

(ii) The extensions Aq and Aq are disjoint if and only if there is an operator 
B e C{'H) such that gr [B) — <d. In this case (|2.2p takes the form 

Ae = A*rker(Fi-BFo); 
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(iii) The extensions Aq and Aq are transversal if and only if Aq and Aq are 
disjoint and O — gr (B) where B is bounded. 

With any boundary triplet 11 one associates two special extensions Aj := 
A* \ ker(rj), j S {0,1}, which are self-adjoint in view of Proposition 12.31 
Indeed, we have Aj A* \ ker (Tj) = Aq., j e {0, 1}, where &o := {0} x H 
and Gi := "H x {0}. Hence Aj = A* since Qj = ©j- In the sequel the extension 
Aq is usually regarded as a reference self-adjoint extension. 

Moreover, if Q is the graph of a closed operator B, i.e. 8 = gr (B), then the 
operator Aq is denoted hy Ab- 

Conversely, for any extension Aq ~ Aq (z Ext a there exists a boundary 
triplet n = {n, To, Ti} for A* such that Aq := A* \ ker (Tq). 

2.2 Weyl functions and 7- fields 

It is well known that Weyl functions are an important tool in the direct and 
inverse spectral theory of singular Sturm-Liouville operators. In [Tni[ITl|T2] the 
concept of Weyl function was generalized to the case of an arbitrary symmetric 
operator A with n+{A) = n-{A). Following [TU1[TT1|T2] we recall basic facts on 
Weyl functions and 7-fields associated with a boundary triplet 11. 

Definition 2.4 ([l0l[ll]) Let H = {H, Tq, Ti} be a boundary triplet for A*. 
The functions 7(-) : g{Ao) [n,^] and M{-) : q^Aq) [H] defined by 

7(z) := (rotDT,)"' and M(z) := ri7(z), ^ G g(Ao), (2.3) 

are called the j-field and the Weyl function, respectively, corresponding to 11. 

It follows from the identity dom(A*) — ker (ro)+*n2, z E g{AQ), where 
Aq^ A* \ ker {Tq), and ^Tl^ := ker (A* - z), that the 7-field 7(-) is well defined 
and takes values in [H^fji]. Since Fi e [Sj+,'H], it follows from (|2.3I) that M{-) 
is well defined too and takes values in [H]. Moreover, both 7(-) and M(-) are 
holomorphic on g{AQ). It turns out than the Weyl function M(-) is in fact a 
i?^^-function (Nevanlinna or Hergiotz function), that is, M(-) is a ["Hj-valued 
holomorphic function on C\R satisfying 

M{z)^M{z)* and Im (M(z)) ^ ^ ^ c\R, 

im (z) 

which in addition satisfies the condition G g{lm (M(z))), z E C\R. 

If A is a simple symmetric operator, then the Weyl function M(-) determines 
the pair {A, Aq} uniquely up to unitary equivalence (see [T21[5S]). Therefore 
M(-) contains (implicitly) full information on spectral properties of Aq. We 
recall that a symmetric operator is said to be simple if there is no non-trivial 
subspace which reduces it to a self-adjoint operator. 

For a fixed Aq ~ Aq extension of A the boundary triplet 11 = {?^,ro,Fi} 
satisfying dom(Ao) = ker(ro) is not unique. If 11 = {^,ro,ri} is another 
boundary triplet for A* satisfying ker(Fo) = ker(ro), then the corresponding 
Weyl functions Af(-) and Af(-) are related by 

M{z) = R*M{z)R + Rq, (2.4) 

where Rq — Rq £ [H] and i? e [HjH] is boundedly invertible. 
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2.3 Krein type formula for resolvents and resolvent com- 
parability 

With any boundary triplet 11 ~ {■H,ro,ri} for A* and any proper (not neces- 
sarily self-adjoint) extension Aq e Ext a it is naturally associated the following 
(unique) Krein type formula (cf. [TUl [TTl IT^ ) 

{Ae-zy'-{Ao-z)-' ^^iz){e-M{z))-'j{zr, z e giAo) n g{Ae) . (2.5) 

Formula (j2.5p is a generalization of the known Krein formula for resolvents. We 
note also, that all objects in (|2.5p are expressed in terms of the boundary triplet 
n (cf. Uniinilll]). The following result is deduced from formula (cf. [TTl 
Theorem 2]). 

Proposition 2.5 Let H = {H,To,ri} be a boundary triplet for A* , Qi ~ Q* E 
0(1-1), i G {1,2}. Then for any Schatten-v. Neumann ideal 6p, p G (0, cx)], and 
any z G C \ K. the following equivalence holds 

(Ae, - z)-' - (Ae, ~ z)-^ g 6p(io) ^ (Gi - - (62 - z)"' G 6p(H) 

In particular, (Aq^ - z)^^ - (Aq - z)"^ G &p{^) <^=> (81 - i)"^ G 6p('H). 
// in addition 0i, 02 G [H], then for any p G (0, 00] the equivalence holds 

(Ae, - z)-' - (Ae, - z)-^ g 6p(io) ^ 81 - 62 G 6p(H). 

2.4 Spectral multiplicity function and unitary equivalence 

Let as above A be a densely defined simple closed symmetric operator in ^ and 
let n = {■H,ro,ri} be a boundary triplet for A* , M(-) the corresponding Weyl 
function M(-) and Aq = A* \ ker (Fq) = A'^. 

In our recent publication [33) using some results from '30' we expressed the 
spectral multiplicity function Na^'^{-) of Aq"^ by means of the limit values of the 
Weyl function M(-). In general, the limit M{t) := s-\im.yio M{t + iy), t G M, 
does not exist. However, for any D G 62 ("H) satisfying ker (D) = ker (D*) = {0} 
the "sandwiched" Weyl function, 

M°{z) := D*M{z)D, z G C±, 

admits limit values M^{t) := s-limj^^o (^ + iy) for a.e. t G M, even in 
62-norm (cf. [S], [IS]). We set 

dMo{t) := dim(ran(Im(A/^(t)))), 

which is well-defined for a.e. t G M. The function dj^jo (•) is Lebesgue measurable 
and takes values in the set of extended natural numbers {0} U N U {00} — 
{0, 1, 2, . . . , 00}. The set supp^;^^^ := G M : dMo{t) > 0} is called the 
support of dj^,jn{-) and is, of course, a Lebesgue measurable set of R. If the 
limit M{t) :— s-limj,^o ^^(i + w) exists for a.e. t G M, then we set dM{t) 
dim(ran(Im(M(t)))). 

To state the next result we introduce the notion of the absolutely continuous 
closure c\ac{S) of a Borel subset 5 C R (see for definition [33l Appendix] as well 
as [HI H]). The use of this notion for the investigation of the ac-spectrum of 
Schrodinger operators etc. see the recent publication [15) . 
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Proposition 2.6 ( |33l Proposition 3.2]) Let A be as above and let 11 = 
{UtTq^Ti} be a boundary triplet for A* , M(-) the corresponding Weyl func- 
tion. If D is a Hilbert- Schmidt operator such that ker (Z?) = ker(iD*) = {0}, 
then NA^'={t) = dMo{t) for a.e. t Cz M. and aadAo) — cl(jc(supp (dj\/D)). 

//, in addition, the limit M{t) :— s-\miy^Q M (t + iy) exists for a.e. t (z M, 
then NA^^it) = duit) for a.e. i € R and crac(^o) = clac(supp (dAf))- 

If A — A* e Ext A and is disjoint with Aq, then by Proposition I2.3r ii') tliere 
is a self-adjoint operator B acting in H sucli that A = As ■= A* \ kcr(ri — 
BTq). In this case the multiplicity function Af^ac(-) is expressed by means of 
the generalized Weyl function Mb{-) oi A = Ab defined by 

Mb{z):={B-M{z))-^, zeC±, (2.6) 

Corollary 2.7 ([33', Corollary 3.3]) Let A, 11, M(-) and D be as in Propo- 
sition [KB\ and let B = B* G C{'H). Then NA'^^{t) — dj^joit) for a.e. i £ M and 

O'ac(^B) = Clac(supp [dj^jD)). 

If, in addition, the limit Msit) := s-lim^^o -^^s (^ + *y) exists for a.e. i G M, 
then NAifit) = dMsit) for a.e. t € K and o-qc(^s) = clac(supp {duB))- 

Finally, we can retranslate the unitary equivalence of ac-parts of two self-adjoint 
extensions in terms of the limit values of the Weyl functions. 

Theorem 2.8 ([33, Theorem 3.4]) Let A, U, M{-) and D be as in Propo- 
sition and B = B* <E €{%). Let also Eab{ ) and Eaq{-) be the spectral 
measures of Ab = A*^ and Aq, respectively. If 6 is a Borel subset of^, then 

(i) A{)E'j^d5) is unitarily equivalent to a part of AbE'^^{5) if and only if 
^Moit) < dj^init) for a.e. t £ 6; 

(ii) AqE'^^{5) and AbE'^^{5) are unitarily equivalent if and only if d]y,jD(t) = 
dj^^uit) for a.e. t <E 5. 

Theorem 12.81 reduces the problem of unitary equivalence of ac-parts of certain 
self-adjoint extensions of A to the computation of the functions dMD{-) and 
dj^D (•). If (5 = M, then the absolutely continuous part Aq'^ is unitarily equivalent 

to A''" = if and only if dMO (t) = dj^jo (t) for a.e. t e R. 

If M(-) is the Weyl function of a boundary triplet 11, then wc introduce the 
maximal normal function 

m+{t):^ sup \\M{t + iy)\\, teR. 
ae(o,i] 

Theorem 2.9 ([33l Theorem 4.3, Corollary 4.6]) Let A, II, M( ) and D 

be as in Provosition \2. 6\ Let A = A* £ Ext a o,nd Aq := A* \ ker (Fq). Assume 
also that there is a Borel subset SofM. .such that the maximal normal function 
TO+(t) is finite for a.e. t £ S and the condition 

{A-i)-^^{Ao-t)-^ ee^oi^), (2.7) 

is satisfied. Then the ac-parts A"^'^ E ^{5) of AEj{S) andAoEAoi^), respectively, 
are unitarily equivalent. In particular, if m'^{t) is finite for a.e. i G R, then 
absolutely continuous parts A"''^ and A^f are unitarily equivalent. 
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One easily verifies that m"*" {t) < oo for a.e. t £ S ii and only if limit (|1.4p 
exists for a.e. t G 5. Thus, condition m'^{t) < oo for a.e. t G 5 in. Theorem 12.91 
can be replaced by the assumption that the limit p. 41) exists for a.e. t G S, cf. 
[331 Theorem 1.1]. 

However, the function m~^(-) depends on the chosen boundary triplet. In 
[31)-|33] we introduced the invariant maximal normal function Tn^(-) defined by 



m~^{t) sup 

ye{o,i] 



{M{t + iy)~Re{M{{))) 



1 



t e R. It follows from (|2.4I) that the invariant maximal normal functions for 
two boundary triplets 11 = {■H,ro,ri} and 11 = {iJ, ro,ri} for A* coincide 
whenever A* \ ker(ro) = A* f ker(ro). Clearly, m+(i) < oo if and only if 
m'^{t) < oo for any t e M. However, the invariant maximal normal function is 
more convenient in applications. We demonstrate this fact in the next section 
applying this concept to infinite direct sums of symmetric operators. 



3 Direct sums of symmetric operators 
3.1 Boundary triplets for direct sums 

Let Sn be a closed densely defined symmetric operators in n+(S'„) — 

n_(5„), and let H„ = {Hnj^om^in} be a boundary triplet for 5*, n e N. Let 

CO oo 

A:=05„, dom(A) :=0dom(^„). (3.1) 

n—1 n—1 

Clearly, A is a closed densely defined symmetric operator in the Hilbcrt space 
:= ®^i-iOn with n±{A) = oo. Obviously, we have 

oo oo 

^*=0^:, dom(A*)=0dom(5:). (3.2) 

n—1 n—1 

Let US consider the direct sum 11 := =: {7^,ro,ri} of boundary 

triplets defined by 

oo oo oo 

H:=0H„, ro:=0ro„ and ri:=0ri„. (3.3) 

n—1 n—1 n—1 

We note that the Green's identity 

{SnfrnQn) — (/n, 'S'^.9n) = (Lln/n, ro„gn)-H„ — (Lon/n, ri„(7„)?^„ , 

/n,ffn e dom(5*), holds for every S**, n e N. This yields that the Green's 
identity holds for A* := A* \ dom (F), dom (F) dom (Fq) n dom (Fi) C 
dom {A*), that is, for / = 0^^^ fn, 9 = ®n=i 9n e dom (F) we have 

(^*/,3)-(/,^*5) = (ri/,Fo.g)«-(Fo/,Fi5)«, /,gedom(F), (3.4) 

where A* and Tj are defined by p.2[) and p.3|) . respectively. However, the 
Green's identity (|3.4I) cannot extend to dom (A*) in general, since dom (F) 
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is smaller than dom{A*) generically. It might even happen that Tj are not 
bounded as mappings from dom{A*) equipped with the graph norm into H. 
Counterexamples such that 11 — is not a boundary triplet firstly ap- 

peared in [23] )• 

In this section we show that it is always possible to modify the boundary 
triplets n„ in such a way that the new sequence n„ = {Hn, ^0,^1} of boundary 
triplets for 5* such that 11 — defines a boundary triplet for A* and 

the relations 

Son ■= 5"* \ ker (f o„) = S* \ ker (Ton) Son, n G N, (3.5) 

are valid. Hence Aq := 5*00 — 5*0™ ^o- We note that the 

existence of a boundary triplet 11' = {Hjr'QjT'i} for A* satisfying ker(ro) — 
dom(Ao) is known (see [TTl [12]). However, in applications we need a special 
boundary triplet for A* which respects the direct sum structure and which leads 
therefore to a block-diagonal form of the corresponding Weyl function. We start 
with a simple technical lemma. 

Lemma 3.1 Let S be a densely defined closed symmetric operator with equal 
deficiency indices, let H — {HjTq^Ti} be a boundary triplet for S* , and let 
M(-) be the corresponding Weyl function. Then there exists a boundary triplet 
H = {T-LjTotTi} for S* such that ker(ro) = ker(ro) and the corresponding 
Weyl function M(-) satisfies M(i) = i. 

Proof. Let M{i) ^Q + iR'^ where Q Re{M{i)), R := ^Im(M(i)). We set 
fo:=i?ro and f 1 := i?~i(ri - gPo). (3.6) 

A straightforward computation shows that H :~ {T-L^Tq^Vi} is a boundary 
triplet for A*. Clearly, ker(fo) = ker(ro). The Weyl function M(-) of H is 
given by M(-) = i?-i(M(-) - Q)R-^ which yields M{i) = i. □ 
If S' is a densely defined closed symmetric operator in i^, then by the first 
V. Neumann formula the direct decomposition dom (5*) = dom [S) + 91; + 
holds, where 'yi±i := ker {S* =F i). Equipping dom {S*) with the inner product 

{f,g)+:={S*f,S*g) + {f,g), /, <? G dom (5* ) , (3.7) 

one obtains a Hilbert space denoted hy The first v. Neumann formula leads 
to the following orthogonal decomposition 

= dom {s) e oti ® 



Lemma 3.2 Let S, H and Af(-) be as in Lemma \3.1[ Lf M{i) — i, then V : 
jO+ — > 'H®'H, r (ro,ri) is a contraction. Moreover, T isometrically maps 
9t DT, ® fn_, onto H. 

Proof. We show that 

\\nf + f^ + f-^)\\nen = \\f^ + f-^\\l (3.8) 
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where / + /, + G doni(S') + 91, + 91-,; = dom(S'*). Since dom(S') = 
ker(ro) nker(ri) wc find 

l|r(/ + h + = l|ro(/. + + l|ri(/,: + 

Clearly, 

l|r,(/,+/-,)||^ = l|r,/,||2+2Re((r,/„r,/_,))+ ||r,/_,||2, j e {o,i}. (3.9) 

Using Tifi ^ M{i)Toft = iTaf.i and Tif^i = M{-i)Taf^., = -iVaf^i we obtain 

l|ri(/, + /-OII« = (ro/„ro/0-2Re((ro/„ro/-,)) + (ro/-,,ro/-,0 (s.io) 

Taking a sum of p. 91) and (I3.10p we get 

liro(/, + f-^)\\l + ||ri(/, + = 2|iro,Ml2^ + 2|iro/-,|l?,. (a.ii) 



Combining equalities Tif±i — ±iTof±i with Green's identity (|2.ip we obtain 
llro/dlw = 11/^11 and ||ro/-,||H = \\f-^\\■ Therefore (EH]) takes the form 

l|ro(/^ + UWn + \\^l{f^ + f-dWn = + 2||/-.ir. (3.12) 

A straightforward computation shows \\fi + = 2||/i|p + 2||/_i|p which 

together with proves Since ||/, + f^,\\l < \\f\\l + + f-^\\l = 

\\f + fi + f-i\\ + , we get from p. 81) that F is a contraction. 

Obviously, F is an isometry from 91 into H (D H. Since 11 is a boundary 
triplet for S* , ran(F) ^ H (BH. Hence F is an isometry acting from 91 onto 

n(sn. □ 

Passing to the direct sum (j3.ip . we equip dom (5*) and dom (A*) with their 
graph's norms and obtain the Hilbert spaces i5+„ and respectively. Clearly, 
the corresponding inner products (/, g)+n and (/, g)+ are defined by p.7p where 
5* is replaced by 5'* and A* , respectively. Obviously, — ^+n- 

Theorem 3.3 Let {Sn}'^^i be a sequence of densely defined closed symmetric 
operators in io„ and let Son = G Ext s„ ■ Further, let A and Aq be given by 
and 

OO 

^o:-05o„, (3.13) 

respectively. Then there exist boundary triplets n„ :— {"Hn, Fo„, Fi„} for 5* 
such that Scin = \ ker(Fo„), n G N, and the direct sum H = 0^-^ n„ 
defined by p.3p forms a boundary triplet for A* satisfying Aq = A* \ ker(Fo). 
Moreover, the corresponding Weyl function M (■) and the ^- field j^-) are given 
by 

OO OO 

M(z) -0M„ (z) and 7(^) = 07ri(2) (3.14) 

n— 1 n— 1 

where M„(-) and 7ti(-) are the Weyl functions and the ^-field corresponding to 
n„, n € N. In addition, the condition M{i) = il holds. 

Proof. For every 6*0,1 = 5o„ G Ext 5„ there exists a boundary triplet H,, = 
{•Hn,Fo„,Fi„} for S*; such that S^n ■= S*„ \ ker(Fo„) (see [H]). By LemmaO 
we can assume without loss of generality that the corresponding Weyl function 
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M„(-) satisfies Mn{i) — i- By Lemma 13.21 the mapping F" := (ro,i,ri„) : 
Sj+n — > 'Hn ® 'Hn, is contractive for eacli n G N. Hence ||rj|| = sup„ ||rj„|| < 
1, J G {0, 1}, where Tq and Fi are defined by p.3p . It follows that the mappings 
To and Ti are well-defined on dom(r) = dom(yl*) = 0^=1 dom (5*). Thus, 
the Green's identity (I3.4|) holds for ah f,g e dom(yl*). 

Further, we set 9I±i„ := ker (S** =Fz), 01„ := 91i„ + D1_i„, ker {A* ^i) 

and *Jl := + D^-i. By Lemma the restriction F" f *Tt„ is an isometry from 
9T„, regarded as a subspace of onto Hn ® Hn. Since ^ regarded as a 

subspace of ^+ admits the representation 91 — ^l^n, the restriction F |" 9T, 

F := 0^^^ F", isometrically maps m. onto H ® H. Hence ran(r) = H ® H. 
Equalities p. 141) are follow from Definition 12.41 □ 

Remark 3.4 Theorem 13.31 generalizes a result of Kochubei [531 Theorem 3] 
which states that for any sequence of pairwise unitarily equivalent closed sym- 
metric operators {^nlnGN there are boundary triplets H„ for S*, n G N such 
that n — 0„gN H„ defines a boundary triplet for A* = 0„gN S"* . 

Recall, that for any non-negative symmetric operator A the set of its non- 
negative self-adjoint extensions Ext^(0,oo) is non-empty (see [Tl[22]). The set 
ExtA(0, oo) contains the Friedrichs (the biggest) extension A^ and the Krein 
(the smallest) extension A^ . These extensions are uniquely determined by the 
following extremal property in the class Ext yi(0, oo) : 

{A^ + < {A + < (A^ + x)-\ x>0, le ExtA(0,oo). 



Corollary 3.5 Let the assumptions of Theorem \3.3\ be satisfied. Further, let 
Sn > 0, n £ N, and let and be the Friedrichs and Krein extensions of 
Sn, respectively. Then 



oo 



A^ = 0C and A^ = 0^^. (3.15) 

n— 1 n— 1 

Proof. Let us prove the second relation. The first one is proved similarly. By 
Theorem 13.31 there exists a boundary triplet H„ = {"Hn, Fon, Fi„} for S** such 
that S!^ — Son and H = 0^i n„ is a boundary triplet for A* . 

Fix any X2 G IR-|_ and put C2 :— ||M(— .X2)|| • Then any h = 0^i hn € 'H can 
be decomposed by /i = h^^'> h^^'> with h^^'> g ®i^i'Hn and hP'' e (S^^p+i'Hn 

such that < C^^^. Hence \{M{~X2)h(^\h(^'>)\ < 1. Due to the 

monotonicity of M(-) we get 

(^M(-2;)/l(2),;i(2)^ > (^M{-X2y^\h^^'>^ > -1, X& {0,X2). 

Since Son — , the Weyl function Af„(-) satisfies 

lim ( Mn{-x)gn,gn I = +00, gn e 'Hn \ {0}, (3.16) 
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cf. [m Proposition 4]. Because M(-) = 0^iM„(-) is block-diagonal, cf. 
p.l4p . we get from p.l6p that for any > there exists a;i > such that 

(m,-.,.«....). .MO,..,. (3.17, 

Combining p.l6p with p.l7p and using the diagonal form of M(-), we get 

{M{~x)h, h) = {M{~x)h^^^ , h'-^^) + (Af (-.t)/i(2) ^ /^(2)) > TV _ 1 

for < X < min(xi,X2). Thus, liuixioiM {—x)h,h) — +oo for h ^ 'H \ {0}. 
Applying [TTl Proposition 4] we prove the second relation of (|3.15p . □ 

Remark 3.6 Another proof can be obtained by using characterization of 
and by means of the respective quadratic forms. 



3.2 Direct sums of symmetric operators with arbitrary 
deficiency indices 

We start with some simple spectral observations for direct sums of symmetric 
operators where the symmetric operators may have arbitrary deficiency indices. 



Proposition 3.7 Let {Sn}'^^^ he a sequence of densely defined closed symmet- 
ric operators in Sjn o,nd let 5on — Sq^^ £ Ext s„ ■ Further, let A and Aq be given 
by p. II) and (j3.13p . respectively. If A is a self-adjoint extension of A such that 
condition 

(A-t)-' ~{Ao-i)-^ e&ooi^) (3.18) 

is satisfied, then 

(JaciAo) =\Jaac{Son) C (t(I) and aac{A) c\Ja{Son) = ct(Ao). (3.19) 
Proof. By the Weyl theorem, condition p.lSp yields CTcss(^) = o'oss(^o)- Hence 

|Jcrac(5'o„) = CTaciAo) C Cross(^o) = CTcssiA) C a{A) 

and 

a-ac{A) C acss{A) = CTess(^o) ^ cr{Ao) = \^a{Son) 

which completes the proof. □ 
Applying Theorem 12.91 the results of Proposition 13.71 can be improved as 
follows. 

Theorem 3.8 Let {S'nlJ^i be a sequence of densely defined closed symmetric 
operators in S)n and let Son = •S'g^ € Ext 5^ . Further, let n„ = {"Hn, Ton, Fin} 
be a boundary triplet for S* such that Squ = S* \ ker(ro„), n G N, and let 
Mn{-) be the corresponding Weyl function. Moreover, letm^{t), nCzN, be the 
invariant maximal normal function for n„ . Further, let A and Aq be given by 
p.ip and p.l3p . respectively. 

If S is a Lebesgue measurable subset ofM. such that sup„gpfm^(i) < +00 for 
a.e. t (5, then for any self-adjoint extension A of A satisfying the condition 
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(|3.18p . the absolutely continuous parts A°''^Ej{S) and Ag'^EAoiS) o-i^e unitarily 
equivalent. In particular, if 5 = then the parts A"''^ and Aq"^ are unitarily 
equivalent and (I3.19P is replaced by aadAo) = aadA). 

Proof. Let n„ = {"Hn, Fon, Tin} be a boundary triplet for 5*, n S N, defined 
according to ^M . that is fo„ Rn^On and ?!„ :^ i?^^ (ri„ - Re(M„(i))ro„) , 
where i?„ :— i/lm Mn{i))- The corresponding Weyl function Af„(-) is 

M„(z) = i?-i(Af„(z) - ReM„ii))R-\ neN. 

Since M„(i) ^ i, n e N, by Theorem ESI n = ©^=i n„ {n,fo,fi} is a 
boundary triplet for A* = 0^^, S*^ satisfying A* \ kerf o = Aoj= ©^^^ 5o„. 
By the definition of m+(-) one has m+(i) = := supyg(Q_i] \\Mn{t + iy)\\ for 

i e M, n e N. Since Aq = Son we get that rn^{t) = sup„TO+(t), where 

m+(i) supj,g(-Q ||M(t + iy)\\, t G R. By assumption, the maximal normal 
function fh^{t) is finite for a.e. t € 5. Hence we obtain from Theorem 12.91 that 
A'^'^E^{5) and A^'^Eao {S) are unitarily equivalent. □ 
Let T and T' be densely defined closed symmetric operators in S) and let Tq 
and Tq be self-adjoint extensions of T and T', respectively. The pairs {T, Tq} 
and {T',Tq} are called unitarily equivalent if there exists a unitary operator U 
in i5 such that T' = and = UToU-\ 

Corollary 3.9 Let the assumptions of Theorem \3.8\ be satisfied. Moreover, let 
the pairs \^SrL}SQn\, ri G M; be unitarily equivalent to the pair {tSi, .Soi}- If 
the maximal normal function m^{t) := supQ^y<]^ + 'i-s finite for a.e. 

t Cz S and if the condition (|3.18p is satisfied, then the absolutely continuous parts 
A'^''Ej{S) and Aq'^Ea^ (S) are unitarily equivalent. 

Proof. Since the symmetric operators Sn are unitarily equivalent, we assume 
without loss of generality that Hn = "H for each n € N. Let J7„ be a unitary 
operator such that Ai = UnSnU~^ and Aqi = UnSonU~^ . A straightforward 
computation shows that HJ^ :— {"H, Fg^, r'j„}, := ToiUn and := ri„J7„, 
defines a boundary triplet for 5* . The Weyl function M^{-) corresponding to 
is M^{z) = Mi(z). Hence m+(-) = m;+(-) and m'^{t) = m'+{t) for t € R, where 
m+ (t) and (t) are the invariant maximal normal functions corresponding to 
the triplets n„ and H^, respectively. Since tn^(t) = tn^(i) for t S R and n G N 
we complete the proof applying Theorem 13.81 □ 

3.3 Direct sums of symmetric operators with finite defi- 
ciency 

Here we improve the previous results assuming that n±(Sn) < oo. First, we 
show that extensions Aq — ©^i<S'on(G Ext a) of the form (|3.13p possess a 
certain spectral minimality property. To this end we start with the following 
lemma. 

Lemma 3.10 Let H be a bounded non-negative self-adjoint operator in a sep- 
arable Hilbert space and let L be a bounded operator in f) . Then 

(i) dim(ran(i?)) = dim(ran 
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(ii) IfL*L < H, then dini(ran (i)) < dim(ran (iJ)); 

(iii) If P is an orthogonal projection, then dini(ran (PiJP)) < dim(ran (iJ)). 

Proof. The assertion (i) is obvious. 

(ii) If L*L < H, then there is a contraction C such that L — C^/H. Hence 

dim(ran(L)) — dini(ran (C\/i?)) < dini(ran — dim(ran (iJ)). 

(iii) Clearly, dim(ran (Pi?P)) < dini(ran (/ffP)) < dini(ran (/ff)). Ap- 
plying (i) we complete the proof. □ 

We are going to show that if the summands have only finite deficiency indices, 
then the absolutely spectrum of extensions of the direct sum can only increase 
comparing with the absolutely continuous spectrum of those extensions which 
are direct sums of extensions. 

Theorem 3.11 Let {Sn\'^=i he a sequence of densely defined closed symmetric 
operators in io„ and let Son = iSq^ € Ext . Further, let A and Aq be given by 
(|3.ip and (I3.13p . respectively. 

If the deficiency indices of Sn o,re finite for each n Cz N, then Aq isjic- 
minimal, in particular, (TadAo) C aac{A) for any self-adjoint extension A of 
A. 

Proof. By Theorem 13.31 there is a sequence of boundary triplets n„ := 
{■H„, Ton, Fin}, n e N, for 5* such that Son = S* \ ker(ro„), n e N, and 
the direct sum II = {■H,ro,ri} — n„ of the form p.ip is a bound- 

ary triplet for A* satisfying Aq = A* \ ker(ro). By Proposition 12.31 any 
A = A* G Ext A admits a representation A = with 9 = 9* e C{'H). 
By [33l Corollary 4.2(i)], we can assume that A and Aq, are disjoint, 
that is Q — B = B* E C{'H). Consider the generalized Weyl function 
Mb(-) := {B - M{-))-\ where M(-) = ©^^^ M„(-), cf. (EH- Clearly, 

Im(Mi3(z)) = MB{z)*lnY{M{z))MB{z), z e C+. 

Denote by Pn, N N, the orthogonal projection from H onto the subspace 
T~l-N ■=®^=i'Wn- Setting M^"" (z) PnMb{z) IHn, and taking into account 
the block-diagonal form of M(-) and the inequality Im {M{z)) > we obtain 

Im (M^" (z)) = Im {PnMb{z)Pn) (3.20) 
= PNMB{zyiu^{M{z))MB{z)PN > Mj^" {zyimiM^'' {z))Mj^'' (z), 

where Af^"(z) PnM{z) \ Un = ®n=i Mn{z). Since P^ is a finite dimen- 
sional projection the limits M^'' [t) := s-hm^^^o ^^s" (^ + iy) and [t) := 
s-limj^;o A^'^" [t + iy) exists for a.e. t e R. From p.20|) we get 

Im (M^" {t)) > Mg" (t)*Im (M^" it))Mg" (t) for a.e. t G R. (3.21) 

Since Mb{-) is a generalized Weyl function, it is a strict i?-H-function, that 
is, ker(Im(MB(z))) = {0}, z £ C+. Therefore, M^"(-) is also strict. Hence 
e g{M£''{z)), z e C+, and Gn{-) := -(M|'"(-))~^ is strict. Since both 
Gn{-) and M^™(-) are matrix-valued i?-functions, the limits Mg"(t + iO) := 
limj^^o ^b" + ^y) ^^'^ Gjv(t + «0) := lim^^o GN{t + iy) exist for a.e. t e M. 
Therefore, passing to the limit in the identity Mg^{t + iy)Giq{t -\- iy) = — / as 
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y 0,we get M^" {t + iO)GN{t + iO) = -I for a.e. t G R. Hence M^"" {t) 
M^^ {t + zO) is invertible for a.e. t e M. 

Further, combining p. 211) with Lemma l3.10f ii) we get 



dim ^ran ^ y/lm M^" (t)M|'" (t)^ j <dj^p^{t) for a.e. <e 
Since M^" (t) is invertible for a.e. i G K, we find 



dMPN (t) ■■= dim ran WImM^"(i) < d p„ (t) for a.e. t G M. (3.22 



Let Dat = Pn®Do where Dq G ©2('H]V) and satisfy ker (Dq) = ker (D^) = {0}. 
Then ker(i:ijv) = ker (D^) = {0} and Pn = PAri'Ar ^ DnPn- By Lemma 
[XTUT iiil. dMi-Nit) < d,,u^{t) for a.e. t G M. Further, for any D G ©2('H) 
and satisfying ker (D) = ker(D*) = {0}, dj^,jD{t) = d oj^{t) for a.e. i G M. 

^^^^ S 

Combining this equahty with p.22p we get d^jj>„ (i) < rf^/o (i) for a.e. i G M 
and iV G N. Since 

Af oo 
71—1 n— 1 

for a.e. i G M, we finaUy prove that c?mo (^) ^ t^M" (0 fo'^ a.e. t G M. One 
completes the proof by applying Theorem I2.8f i) . □ 
Taking into account Proposition [2]6] and Corollarv l2.7l the proof of Theorem 
l3.11l shows us that in fact the spectral multiplicity function N^^cit) can only be 
increase with respect to iV^ac(t), that is, one always has 7Vjj„^(t) > NA^^it) for 

a.e. i G M and any self-adjoint extension A of A. 

Corollary 3.12 Let the assumptions of Theorem \3.11\ be satisfied. If Sn > 
0, rt G N and if the deficiency indices of Sn are finite for each n G N, then 
the Friedrichs and the Krein extensions A^ and A^ of A are ac-minimal. In 
particular, [A^ )'^'^ and (A^)"''^ are unitarily equivalent. 

Proof. Combining Theorem 13 . 1 1 1 and CoroUarv 13 . 51 one immediately proves the 
assertions. □ 

Corollary 3.13 Let the assumptions of Theorem \3.8\ be satisfied. Further, let 
the deficiency indices of Sn be finite for each n G N. 

(i) If 

S^:={teR:J2 ^M„ (t) - oo}, (3.24) 

then for any self-adjoint extension A of A the parts A°''^Ej{doo) and Aq'^Eaq (Soo) 
are unitarily equivalent. 

(ii) If S is a Lebesgue measurable subset o/M such that sup„m^(t) < oo for a.e. 
t Cz 6, then for any self-adjoint extension A of A the parts A"''^E^{Soc U 6) and 
Aq'^Eaq {Soo U S) are unitarily equivalent. 
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Proof, (i) By ([5:^ and we find dM^it) ^ +00 for a.e. t £ Soo- 

Since by Theorem 13.111 the spectral multiplicity function can only be increase 
for self-adjoint extensions A one gets that N^^^{t) — NA^<'{t) for a.e. t G 6 

which immediately yields the unitary equivalence of the parts A'^'^E^{doo) and 

(ii) By Theorem 13.81 the parts A°-''E^{S) and Aq'^Eao{S) are unitarily equiv- 
alent. Using (i) we immediately obtain the unitary equivalence of the parts 
A^^E^iS^ U S) and A^Ea,, (Soo U 5). □ 

Corollary 3.14 Let the assumptions of Theorem \3.11\ he satisfied. If the defi- 
ciency indices of Sn are finite for each n £ N, then lj„gpj o'ac('S'on) C aac{A) for 
any self-adjoint extension A of A. If in addition condition (j3.18l) is valid and 
the extensions Son are purely absolutely continuous for each n G N, then 

aac{A) - U aaciSon). (3.25) 

Proof. The first statement immediately follows from Theorem 13. Ill Relation 
p.25p is implied by Proposition [3T71 □ 

Corollary 3.15 Let the assumptions of Theorem \3.11\ he satisfied. Further, let 
the pairs {S'n, •S'on}, n G N, he unitarily equivalent to {Si, 6*01}. If the deficiency 
indices of Sn are finite for each n g holds, then for any self- adjoint exten- 
sion A of A satisfying condition p.lSp the ac-parts A"''^ and A^'^ are unitarily 
equivalent. 

Proof. The proof follows immediately from Corollarv 13.91 □ 

Remark 3.16 (i) For the special case n±{Sn) = 1, ri G N, Theorem [XTI] com- 
plements [2j Corollary 5.4] where the inclusion (Tac(^o) ^ f^aciA) was proved. 
Moreover, Corollarv 13.151 might be regarded as a substantial generalization of 
[2j Theorem 5.6(i)] to the case n±{Sn) > 1. However, in the case n±{Sn) — 1, 
Corollarv l3.15l is implied by ^ Theorem 5.6(i)] where the unitary equivalence of 
j^ac _ j^ac g^j^i^ j^ac proved Under the weaker assumption that B is purely 
singular. Indeed, by Proposition 12 .51 condition p.lSp with A — As is equivalent 
to the discreteness of B. 

(ii) The inequality NA^^it) < Nj^^{t) in Theorem 13.111 might be strict even 
for t G aac{Ao). Indeed, assume that (a, /3) is a gap for all except for the opera- 
tors 51, ... , Sn- Set := 0„^i Sn and ^2 := 0^^jv+i Then ^±(52) = 00 
and {a, (3) is a gap for 5*2. By [7] there exists ^2 = 52 G Ext 5^ having ac- 
spectrum within (a, j3) of arbitrary multiplicity. Moreover, even for operators 
A = satisfying assumptions of Corollarv 13.151 with n±{Sn) = 1 the 

inclusion (Tac(^o) Q cTadA) might be strict whenever condition p.lSp is vio- 
lated, cf. [7] or Theorem 4.4] which guarantees the appearance of prescribed 
spectrum either within one gap or within several gaps of Aq. 

4 Sturm-Liouville operators with bounded op- 
erator potentials 

Let H be an infinite dimensional separable Hilbert space. As usual, L^(IR+,'H) 
stands for the Hilbert space of (weakly) measurable vector-functions / (•) : K+ — )■ 
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T-L satisfying \\f{t)\\'^dt < oo. Denote also by W^^'^(]R+, 'H) the Sobolev space 
of vector- functions taking values in H. 

Let T — T* > be a bounded operator in H. Denote hy A Amin the 
minimal operator generated by A, cf. in := L^(R+,'H). It is known 

(see [inilSS') that the minimal operator A is given by 

(A/)(.t) = -^/(x)+T/(x), f edom{A)^wS-'iR+,n), (4.1) 

where wS-\R+,n) := {/ G W^-\R+,n) : /(O) = /'(O) = 0}. 

The operator A is closed, symmetric and non-negative. It can be proved 
similarly to [H Example 5.3] that A is simple. The adjoint operator A* is given 
by [H Theorem 3.4.1] 

{A*f){x) = -^fix)+Tfix), f edomiA*)^W^^\R+,n). (4.2) 

The Dirichlet reahzation A^ is defined by A^/ := / e dom(A^) := {5 e 
T4^2'^(M+,'H) : 5(0) = 0}. Similarly, the Neumann realization A^ is defined 
by A^f ■= Af, f e dom(A^) {g e W^'^{R+,H : g'(0) = 0}. Since 
dom(yl) C dom(A^),dom(yl^) C dom(yl*) one gets that A^ and A^ are 
proper extensions of A. One easily verifies that A^ and are symmetric 
extensions. 

By Theorem 1.3.1] the trace operators Tq, Ti : dom{A*) U, 

ro/-/(0) and ri/ = /'(0), /Gdom(A*), (4.3) 
are well defined. Moreover, the deficiency subspace Vlz{A) is 

9T^(A) = {e"^'^/i: /leH}, z e C±, (4.4) 
with the cut along M+ . 

Lemma 4.1 A triplet 11 = {"HirojFi}, where Fq a77.rf Fi are defined by (|4.3I) . 
forms a boundary triplet for A* . The corresponding Weyl function M(-) is 



M(z) = iVz - T = 4 y ^/z-\ dEriX), z e C+. (4.5) 

Proof. One obtains the Green formula integrating by parts. The surjectivity 
of the mapping F := (Fo,Fi) : dom(A*) -^'H®'H follows from gS]) and 
Theorem 1.3.2]. Formula (|43t is implied by (|44)) . □ 

Lemma 4.2 Let T be a bounded non-negative self-adjoint operator in % and 
let A and 11 ~ {'H,Fo,Fi} be defined by (|4.ip and (|4.3p . respectively. Then 

(i) the invariant maximal normal function xxi^ {t) of the Weyl function M{-) is 
finite for all t & and satisfies 

m+(0 < (1 + V2)(l + i2)i/4^ ^^K^ (4_g) 

(ii) The limit M{t -f iO) :— s-limj,^o M{t -\- iy) exists, is bounded and equals 

M{t + iO)^i / Vt - XdEriX) for any teR. (4.7) 
Jr 
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(iii) dM{t) = dim(ran (£^t([0, t)))) for any t G 
Proof, (i) It follows from (|4.5p and definition 



that 



m^(i) < sup sup 

2/6(04] -^>o 



^/t + iy- X - Re - A) 



Im iVi^) 



Clearly, = (1 + A2)i/4g«(^-¥')/2 ^^ere ip := arccos (7=5) ■ 

< 1, A>0. 



Hence 



Re(V« 


-A) 


= '^'^ (f ) 


lm{\/ i 


-A) 





1 



A + VTTA2 



Furthermore, we have 



^t + iy - X 



Im{Vi~X) 



< V2\ 



V(A-t)2+y2 

A + VTTA2 



/4 



for A > 0, t e M and y e (0, 1] which yields (|4J)) . 

(ii) F rom (|43|) wc find A/(i) := M(t + iO) := s-\imy^a i^/t + iy - T = 
Wt - T, for any t € R, which proves dUT]). Clearly, M(t) e [H] since T e [H]. 

(iii) It follows that Im(M(t)) = y/l~^ET{[0,t)), which yields dM(i) = 



dim(ran(Im(A/(t)))) ^ dim(ran (£'t([0, t)))). 

With A — A,„in one associates a closable quadratic form t'^[/] 
dom (t') = dom {A). Its closure If is given by 



tF[/]:=^ {\\nx)\\l, + \\Vffix)\\l}dx, 



□ 

(AfJ), 



(4.8) 



/ e dom (If) = Wo'^(R+,-H), where VFo'^(R+,H) {/ G P^^'' 
/(O) = 0}. By definition, the Friedrichs extension A^ of A is a self-adjoint 
operator associated with t^. Clearly, A^ — A* \ (dom (A*) n dom(tF)). 

Theorem 4.3 LetT >0, T = T* e [n], and to := inf (t(T). Let A be defined 
by (|4.ip andn = {'H,ro,ri} the boundary triplet for A* defined by (j4.3l) . Then 
the following holds: 

(i) The Dirichlet realization A^ coincides with Aq :— A* \ ker (Fq) which is 
identical with the Friedrichs extension A^ . Moreover, A^ is absolutely contin- 
uous and its spectrum is given by a{A^) = crac{A^) = [to, 00). 

(ii) The Neumann realization A^ coincides with Ai := A* \ ker(Fi). A^ is 
absolutely continuous (A^)"-'^ — A^ and cr{A^) — (Tac{A^) — [to, 00). 

(iii) The Krein realization (or extension) A^ is given by 



dom(A^) = {fe W^'\R+,n) : /'(O) + Vt/(0) = 0}. 



(4.9) 



Moreover, ker(A^) = Sjo := io^, Sj'^ := {e'^^/i : h G ran(ri/4)} and the 
restriction A^ \ dom {A^)r]^jQ is absolutely continuous, that is, Sj^ = Sj'^'^{A^) 
andA^ = Q^^CB^A'^Y". In particular, cr(A^) = {0}UcrQc(^^) andaac{A'^) = 
[to, 00). 

(iv) The realizations A^ , A^ and (A^)"''^' are unitarily equivalent. 
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Proof, (i) It follows from and that dom(^^) = dom(^o) which 

yields = Aq. Since doni(>lo) C Wo'^(M+,H) = dom(tF) we have 

= Ao (see [H Section 8] and [P, Theorem 6.2.11]). It follows from (|I77)) 
and [5J Theorem 4.3] that ap{Ao) — asc{Ao) = 0. Hence is absolutely 
continuous. Taking into account Lemma I4.2r iii) and Proposition 12.61 we get 
<t{Ao) = CTqc(Ao) = clac(supp {(Im)) = [^0, oo) which proves (i). 

(ii) Obviously we have dom {A'^) = dom (^i) := ker (Fi) which proves = 
Ai . It follows from Lemma 14.11 and (|2.6p that the Weyl function corresponding 
to ^1 is given by 

Moiz) (0-M(z))-i = i(z-T)-i/2 ^ ^ f ^ dErW, z e C+. (4.10) 



Since Mo(-) is regular within (~(X),to), we have (— oo,to) C g{Ai). Further, let 
T > to. We set "Hr := -£'t([^o, 'T'))^ and note that for any h e Hr and t > t 

(Mo(t + iO)h, h) = i((t - T)-^/^h, h)^i f ^ d{ET{X)h, h). (4.11) 

Jta yt — \ 

Hence for any h E Hr \ {0} and t > t 

< {t-toy^/^\\hf <lm{Mo{t + iO)h,h) ^ f {t - X)-^^^d{ET{X)h,h) < oo. 

J to 

By [HI Proposition 4.2], aac{Ai) 3 [r, oo) for any r > io, which yields aac{Ai) — 
[to,oo). It remains to show that Ai is purely absolutely continuous. Since 
Mo{t + iO) ^ [H] we cannot apply [8, Theorem 4.3]. Fortunately, to we can use 
[SI Corohary 4.7]. For any t eR, y > 0, and h e H we set 

Vh{t + iy) := Im(Mo(t + iy)h, h) ^ J Im (^-^=J=^^ d{ET{X)h, h). 

Obviously, one has 

1 



Vh{t + iy)< j j^^—^^—^d{ET{X)h,h), teM, 2/>0, heU. 
Hence 

Vh{t + zyf <\\hr^P-^'> j ^^^—l—^diETiX)h,h), pe(l,cx)). 
We show that for p £ (1, 2) and — oo < a < b < oo 

Cp{h;a,b):= sup / Vh{t + lyY dt < oo. 
we(o,i] J a 

Clearly, 

Vi(f + isj'df < j" d{E{:X)h. h) I' ^^^^—J—^df 
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Note, that for p G (1,2) and — oo < a < & < oo 



dt< I -^dt^: Xpib, a ~\\T\\) <oo, 



Hence Cp{h; a, b) < Kp{h, a - \\T\\)\\h\\'^P < oo for p e (1, 2), -oo < a < & < oo 
and h £ v.. By [8, Corollary 4.7], Ai is purely absolutely continuous on any 
bounded interval (a, 6). Hence Ai is purely absolutely continuous. 

(iii) By [ni Proposition 5] A^ is defined by A^ = A* \ ker (Fi - M(O)ro). 
It follows from that M(0) = -VT. Therefore, A^ is defined by (H^l) . 

It follows from the extremal property of the Krein extension that ker {A^) — 
ker(^*). Clearly, fh^x) := exp{-xVT)h € L'^{R+,'H), h G ran(Ti/4), since 

/ II exp(-a;\/T)/i||^dx 
Jo 

dphit) / = / -^dph{t) < oo, 



2Vt 

where Ph{t) '■= [ET{t)h,h) . Thus, Sj'q C ker(yl*). It is easily seen that P)'q is 
dense in S)o. To investigate the rest of the spectrum of A^ consider the Weyl 
function Mk{-) corresponding to A^ . It follows from (|4.5p and (|2.6p that 

MKiz) = M_^{z) = -{VT + M{z)y^ 

= -{Vr + iVI^)-^ = ^{iVI^-Vf) = + $(z). 

where $(z) z - r + VT]. For t > we get 



ImAf/f(t + iO) = Im$(t + iO) = ^ - T£;t([0, t)). (4.12) 

Hence, by H Theorem4.3], crp(A^) n (0, oo) = crsc(^^) n (0, oo) = 0. It follows 
from (|4:T2]) that Im(MK(t + jO)) > for t > t^. By Corollary [2J] we find 
Oac{A^) = [io,oo). 

(iv) It follows from (g^l and (|i?T^ that dAf(t) = ciji/fc(i) = 
dim(ran (£'t([0, t)))) for t > to. Combining this equality with aac{A^) — 
<7ac{A^) = [io,oo), we conclude from Theorem l^ii) that A^ and {A^Y" 
are unitarily equivalent. 

Passing to Ai, we assume that 1 < dim(ran (£'t([0, s)))) = pi < oo for 
some s > 0. Let Afc, k G {1, . . . p < Pi, be the set of distinct eigenvalues 
within [0,s). Since Mo(< + i2/)i?T([0, i)) is the p x p matrix-function, the limit 
Mo(i + iO)ET{[0,t)) exists for t € [0, s) \ ULii-^fc}- I* follows from (|nT|) that 

Im(Mo(t)) = \T-t\-'/'ETi[0,t)), te[0,s)\[j{Xk}. 

fc=i 

This yields 

dMoit)) dim(ran(Im(Afo(i)))) - dim(ran (i;T([0, t)))) = dM(i) 
for a.e t e [0, s) \ Ufc^ii'^fe}' ^^at is, for a.e. t £ [0, s). 
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If diin(i?r([to, s))) — oo, then there exists a point sq G (0, s), such that 
dim(i?T([0, So])) = oo and dim(i?T([0, s))) < oo for s G [0,so)- For any t G 
(so,s) choose t G (so,i) and note that dim(ran (£^^([0, r)))) — oo. We set 
Ur ■■= ETi[0,T))n and "Hoo £;t([t, oo))?^ as well as Tr := TEt{[0,t)) and 
Too '■— TEt{[t, oo)). Further, we choose Hilbert-Schmidt operators Dr and 
Doo in Ht and Hoo, respectively, such that ker(I?T-) — ker(_D*) = ker(Z?oo) — 
kei {Dl^) = {0}. According to the decomposition H Ht © "Hoo we have 
Mq = Mr © A'/oo, D = Dr® Doo and d^Dit) = dj^jD^ (t) + d^^jo^ (t) for a.e. 
t G [0, oo). Hence d]^.jn {t) > dj^o^ (t) for a.e. t G [0, oo). Clearly, Mr{t + iy) — 
i{t + iy-Tr)^^/'^. lit > r, then t G g{Tr) and M{t) s-limy^Q M (t + iO) exists 
and 

Mr{t) s-lim M^(t + iy) = i(t - T^)"1/2£;t([0, r)). 

Hence dj^nr{t) = dim(ran (i?T([0, r)))) = oo for t > sq. Hence dMo{t) = 
dAiit) = oo for a.e. t > sq which yields dj^D{t) = dM{t) for a.e. t G [0,oo). 
Using Theorem l2.8f ii) we obtain that A'^'^ and are unitarily equivalent which 
shows Aq and Ai are unitarily equivalent. □ 

Remark 4.4 The statements on A^, A^ and A^ are proved self-consistently 
in the framework of boundary triplets. However, the unitary equivalence of 
A^ and A^ can be proved much simpler. In fact, the Dirichlet and Neumann 
realizations Id and In of the differential expression / := — ^ in L^(R+) are 
unitary equivalent. If U : L^(R+) — > L^(R+) is such a unitary operator, i.e. 
UId = InU, then we have 

A^ = lN(g)In+Isi®T = 

{U (^In)[lD®In+h®T]{U* ®In) = {U® In)A''{U* ®In). 

The proof can be extended to any non-negative realization Ih of / fixed by 
the domain dom(/,0 {/ G W'^''^{M.+ ) : /'(O) = hf{0), h > 0}. Moreover, a 
proof of the absolutely continuity of A^ and A^ , which does not used boundary 
triplets, can be found in Appendix lA. 21 For the Krein realization A^ we do not 
know such proofs. 

Next we describe the spectral properties of any self-adjoint extension of A. 
In particular, we show that the Friedrichs extension A^ of A is ac-minimal, 
though A does not satisfy conditions of Theorem 13.111 

Theorem 4.5 LetT >0, T ^T* e [H], and ti inf CToss (T). Let also A he 
the symmetric operator defined by (14.11) and A = A* ^ Ext a ■ Then 

(i) the absolutely continuous part A"''^E^{[ti,oo)) is unitarily equivalent to the 
part A^EAD{[ti,oo)); 

(ii) the Dirichlet, Neumann and Krein realizations are ac-minimal and 
a(A^) = a{A^) = (TaM'^) C OaM); 

(iii) the absolutely continuous part A""^ is unitarily equivalent to A^ whenever 
either [A ~ i)"^ - {A^ - i)-^ G &oo{^) or {A - i)-^ - {A^ - i)-^ G ©co(-^). 

Proof. By [33J Corollary 4.2] it suffices to assume that the extension A ^ A* 
is disjoint with Aq, that is, by Proposition I2.3f ii) it admits a representation 
A = Ab with B G C{H). 
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(i) Let n = {n,To,ri} be a boundary triplet for A* defined by gS]). In 
accordance with Theorem l2.8l we calculate djyjK (t) where Mb{-) ■— {B— M{-))~^ 
is the generalized Weyl function of the extension Ab, cf. (j2.6p . Clearly, 

Ini(AfB(z)) = Meiz)* lm{M{z))MB{z), z € C+. (4.13) 

Since Ke{\/ z — A) > for z = i + iy, j/ > 0, it follows from (|4.5p that 

Ini(M(z)) = / Re(Vz - A) dEriX) > [ Re{y/z - A) dE^rlA), (4.14) 

where z = t + iy. It is easily seen that 

Re(Vz - A) > Vt- A > A € [0, r), t > r. (4.15) 

Combining (|4.13p with (j4.14p and (|4.15l) we get 

Iui{MB{t + iy)) > \/t - TMBit + %)*£'t([0, T))MB{t + iy), t > t > 0. 
Let Q be a finite-dimensional orthogonal projection, Q < Et{[0,t)). Hence 

lni{MB{t + iy))>Vt- TMB{t + iyYQMsit + iy), t > t > 0, y > 0. 

Setting Hi = ran((5), ^2 ■— ra.n{Q^), and choosing K2 G ©2('H2) and 
satisfying ker(_ft'2) = kei {K2) = {0}, we define a Hilbert-Schmidt operator 
K ■=Q(S)K2& 62{n). Clearly, ker (iC) = ker {K*) = {0} and, 

luY{K*MB{t + iy)i^) > (4.16) 
- TK*MB{t + iy)*QMB{t + iy)K, t > t > 0. 

Since Ms(-) G (i?«) and Q, K e &2{'H), the limits 

K*MB{tyQ s-limX*M_B(i + i?;)*(3 and 

{QMbK) (t) s-lim QMs (< + iy)K 

exist for a.e. i g E (see [5]). Therefore passing to the limit as y — > in (|4.16p . 
we arrive at the inequality 

Im(Aff (t)) > Vt^{K*MB{tyQ)iQMBK{t)), t > t > 0, y > 0. 

It follows that 

dim(ran {{QMBK){t))) <dim{Tan (imMj^it))) = dM^it), t > t. (4.17) 

We set M^iz) := QMb{z)Q ] Hi. Since dimCHi) < 00 the limit M^{t) 
s-limy;o^B(^ + *y) exists for a.e. t e M. Since {QMBK){t) \ Hi = 
ran (^(Mf )(t)^, (|iT7)) yields the inequality 

dim(ran (M^(t))) < dini(ran {{QMBK){t))) < dMg{t) (4.18) 
for a.e. t e [r, 00). 
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Since dim('Hi) < oo and ker(M^(2;)) = {0},2; € C, we easily get by 
repeating the corresponding reasonings of the proof of Theorem 13.111 that 

ran (M^(i)) = Hi for a.e. t G M. Therefore (|IT5)) yields dini(Hi) < d^f (0 

for a.e. t e [r, oo). 

If T > ti, then dim(£'T'([0, t))^) — oo and the dimension of a projection 
Q < Et{[0,t)) can be arbitrary. Thus, d]^jK{t) = oo for a.e. t > t. Since 
T > is arbitrary we get dj^K{t) = oo for a.e. t > ti. By Theorem 12. 8( ii) the 

operator A'^'^E^{[ti,oo)) is unitarily equivalent to AoEAo{[ti,oo)). 

(ii) If r e {to,ti), then dim(£'T([0, r))?^) =: p(t) < oo. Hence, dim(Q-H) < 
p{t) which shows that dfjK{t) > p{t) for a.e. t e (r, ii). Since r is arbitrary, 
we obtain df^K {t) > pir) for a.e. t e [0, ti). Using Theorem l2.8f i') we prove 

is ac-minimal. Using Theorem I4.3f iv) we complete the proof of (ii). 

(iii) By Lemma 14.21 the invariant maximal normal function xn^{t) is finite 
for t G K. By Theorem 12.91 and [A^)"-'^ are unitarily equivalent. Similarly 
we prove that A"-'^ and [A^Y^ are unitarily equivalent. To complete the proof 
it remains to apply Theorem 14. Sr i). □ 

Using Definition 11.11 one gets the following corollary. 

Corollary 4.6 Let the assumptions of Theorem \4.5\ be satisfied. //dim('H) = oo 
and to := inf a(T) = inf aess (T) ='■ ti, then 

(i) the Dirichlet, Neumann and Krein realizations are strictly ac-minimal; 

(ii) the absolutely continuous part A""^ of A is unitarily equivalent to A^ , when- 
ever 

(A-*)-i-(A^-*)-ie6oo(io). (4.19) 

Proof, (i) This statement follows from Theorem 14. 5 T i) and Theorem 14.31 

(ii) To prove this statement we note that by the Weyl theorem the inclusion 
(OiB yields (Tess(^) = <Jess{A^)- Since cr^ss{A^) = cTadA^) = [to,oo) we 
have CTcss (A) = [to, oo). On the other hand, by Theorem 14. 5f i) we get [to, oo) = 
(Tess{A) C aac{A). Thus, (Tac(I) = [to,oo) and I'^^ = I'^^i;^([to,oo)). Using 
Theorem l4.3f i') and again Theorem l4.5f i') we find that A""^ is unitarily equivalent 
to A^. □ 

Remark 4.7 According to (|4.10p the condition m+{t) < oo, t € R (cf. ([2^ 1 is 
not satisfied for the Weyl function Mo{-) of the Neumann extension A^ . Thus, 
the statement (ii) of Corollary 14.61 shows that the assumption m+ (t) < oo of 
Theorem l2.91 which is a generalization of the classical Kato-Rosenblum theorem, 
is sufficient but not necessary for validity of the conclusions. 

Corollary 4.8 Let the assumptions of Theorem \4-5\ be satisfied and let 
dim('H) ~ oo. Then A^ is strictly ac-minimal if and only if to — ti. 

Proof. Let to < ti. Then there is a decomposition T ~ Tun ffi Too such 
that Tfin acts in a finite dimensional Hilbert space Hgn and to = inf cr(Tfin) 
and Too = T^ e C{Hoo) and to < ^oo := inf cr(Too) < ti. This leads to the 
decomposition A — Ann ® ^oo where Afin and Aoo are defined analogously to 
(|4?T|) . Clearly A^ = A§^ O A^. By Theorem l4?3l both extensions A^^ and 
A^ are absolutely continuous and their spectra are given by a{A^^) = [to,oo) 
and a{A^) = [too,oo). Since dini(?^oo) = oo the deficiency indices of Aoo are 
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infinite. We note that (—00,^00) is a spectral gap for Aoo. Using a result of 
Brasche [71 there exists an extension A^o = A'^ G Ext such that cr(yloo) C 
[to, 00), the part AooE^ {[to, too)) is absolutely continuous and N-^^^{t) = 00 
for t e [to,ti). 

Let A := A^^ © Aoo- The operator A is a self-adjoint extension of A such 
that a{A) = a{A^) = [to, 00). The parts A^ E,^D{[to,too)) and AEj^{[to,too)) 
are absolutely continuous. However, the absolutely continuous parts of both 
extensions are not unitarily equivalent. Indeed, for a.e. t e [to, too) one has 
Nj^D{t) < 00 but N^^^{t) — 00, by construction. Hence A^ is not strictly 
ac- minimal which yields to = ti . The converse follows from Corollary I4.6f i) . □ 

5 Sturm-Liouville operators with unbounded 
operator potentials 

5.1 Regularity properties 

In this subsection we consider the differential expression (j4.1|) with unbounded 
non-negative T = T*{g C{Wj) in ^ L'^(R+,n). The minimal operator 
A := Ajnin '■= A., cf. p.ip and (|1.2p . is densely defined and non- negative. If T is 
bounded, then A coincides with (j4.ip . 

Let Hi{T) be the Hilbert space which is obtained equipping the set dom (T) 
with the graph norm of T. Moreover, for any s > we equip dom {T'') with the 
graph norm 

Ms = i\\u\\l + \\T'u\\l)'^^, 5>0, uen, (5.1) 

and denote by T-LsiT) the corresponding the Hilbert space. Following [321 Def- 
inition 1.2.1] the intermediate spaces [X, 9 £ [0,1], of X = 'Hi(T) and 
Y = no{T) := n are defined by [X,Y]0 = 6 e [0, 1]. 

Furthermore, by Hs{T), s < 0, we denote the completion of H with respect 
to the "negative" norm 

\\u\\s=\\{I + T-^')-'^/^u\\n, s<0, u&n. (5.2) 

At first, we describe the domain dom (A) of the minimal operator A. For 
this purpose, following we introduce the Hilbert spaces 
W'''^iR+,n) n L^{R+,niiT)), keN, equipped with the Hilbert norms 

ll/llw^,^- / i\\f^''Ht)rn + \\fit)rn + \\Tf{t)rn)dt. 

Obviously we have Vq C W^'^(M+,'H) where is given by (|1.2I) . The closure of 
Vo in W^'^iR+,'H) coincides with T4^o;^(R+, ?^) := {/ e W^'^iR+,n) : /(O) = 
/'(O) = 0} which yields W^-^^{R+,n) C dom (A). 

Lemma 5.1 Let T — T* be a non-negative operator in %. Then the do- 
main dom {A) equipped with the graph norm coincides with the Hilbert space 
W,^'-^(M+, H) algebraically and topologically. 
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Proof. Obviously, for any f £ Vq we have 



\\Af\\i= / \\f"{x)Cdx 

+ ^ |lr/(a;)||?,dx-2Re 1^ (/"(x), T/(x))„ dxj 

Integrating by parts we find 

/ {f"{x),Tf{x))dx^- [ VTf'{x)^ dx. 

Hence 

M/lll-/ \\nx)fdx+[ \\Tf{x)fdx + 2 [ Vffix) 

JM+ Jr+ JM+ 

for any / G 2?o which yields 

11/11^... <p/IL| + ||/f, feVo. 

Furthermore, by the Schwartz inequality. 



dx 



H 



Re 



{f{x),Tf{x))^dx 



<ll/llw=.^, /e2?o 



which gives 



11-4/11^, + 11/11^ <2||/||;..,„ feVo. 
Thus, we arrive at the two-sided estimate 

11/11^... < WAfWl + WfWl < 2||/||^.,., / € Vo. 

Since Vq is dense in Wq'^{M.+ ,'H) we obtain that dom(yl) coincides with 

Wq'-^(]R+,'H) algebraically and topologically. □ 
In opposite to the case of the minimal operator A = Amin the maximal 
operator ^max = ^min obviously satisfies C dom(Ainax), though 

dom(^niax) 7^ VVrp' (R+,H) if T is not bounded. Moreover, it was firstly shown 
in [T5] (see also [12! Section 4.1]) that the trace mapping 

{70,71} : W^'^{I,H)^H3/4{T)(SH,/4{T), {70, 7i}/ = /'(a)}, 

can be extended to a continuous (non-surjective) mapping 

{70,71} : dom(A„,ax) ^ H_i/4(r) ® H_3/4(r). 

It is also shown in (THl Theorem 4. 1. 1] that y(-) E dom (A„iax) if and only if the 
following conditions are satisfied: 

(i) y'{-) exists and is an absolutely continuous function on / into 'H_i(T); 

(ii) Ay e L^{I,H). 
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This result is similar to that for elliptic operators with smooth coefficients in 
domains with smooth boundary, cf . jUJ [55] . A similar statement holds also for 
the operator Amax = ^min considered in L^(IR+,H), cf. [TTJ Section 9]. 

Next, we investigate the Friedrichs extension and the Krein extension 
of the operator ^ > 0. We define also the Neumann realization A^ as the 
self- adjoint operator associated with the closed quadratic form In, 

tN[.f] ■■= r {\\nx)\\l, + \\VTf{x)\\l} dx = 11/11^,,. - (5.3) 

Jo ^ J 

/ e dom(tjv) := VF^(M+,-H). Clearly, A^ e Ext a- In the case of bounded T 

one has A^ — Ai where Ai is defined in Theorem 14. 3f ii). 

We note that the closed quadratic tp associated with Friedrich extensions 
is given by tp W \ dom (t^), dom (t^) := {/ e : /(O) = 0}. 

Proposition 5.2 Let T = T* e €{%), T > 0, and let A A Let also 
Tin ■= Ta.n (^Et{[ti — T„ :— TExiln — l^n)), n G N, and let Sn be 

the closed minimal symmetric operator defined by (j4.ip in Sjn ■= 
with T replaced by Tn- Then 

(i) the following decompositions hold 

oo oo oo oo 

A = ^^Sm A^ = ^^S^, ^^==^^5*^, A^ ^^^S^; (5.4) 

n— 1 n— 1 n— 1 n— 1 

(ii) the domain dom(A^) equipped with the graph norm is a closed subspace of 
W^'^(R+,H) is given by dom(A^) = {/ € VF^ ^(R+,H) : /(O) = 0}; 

(iii) the domain dom(A^) equipped with the graph norm is a closed subspace of 
W^'^(R+,H), IS give by dom(A^) = {/ e wI'\M.+ M) : /'(O) = 0}. 

Proof, (i) Since Lemma 15.11 is valid for bounded T we find that the graph 
gr {Sn) of Sn equipped with usual graph norm is algebraically and topologically 
equivalent to W^^^(M+, "Hn), n S N. Obviously, we have 

W^'2(K+,H) = W^f (R+,H„) 

which yields 

gr(A)=0gr(5„). 

nGN 

However, the last relation proves the first relation of (|5.4p . 

The second and the third relations are implied by CoroUarv 13.51 To prove 
the last relation of (El we set 5^ := ^"^^^ S^ . Since S^ = {S^)* G Ext 5„ 
and A — 5'„, S^ is a self-adjoint extension of A, S^ G Ext^i. Let 

/ = fn & ^ where = ^^^i^Jn- Denoting by In the quadratic form 

associated with S^ we find / = /n G dom(tAr) if and only if /„ G 

dom (t„), n G N, and ^n[fn] < oo where t„ is the quadratic form associated 
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with S^,neN. If / e doni(iAr), then 

n=l ri=l-^0 

= + \\VTfix)\\l}dx = iMif] 

which yields / € dom (iAr). Conversely, if / G dom (In) and / = fn, then 

/„ e dom (t„), rt e N, and tn[/n] < oo which proves / G dom (tTv). Hence 

(ii) Following the reasoning of Lemma 15.11 we find 

||/„f^.^. < ll^^/nllL + ll/nllL < 2||/„|P^2,., n e N, (5.5) 

where /„ e dom(S'^) = {gn € W'^'^{R+,'Hn) ■ ffn(O) = 0}. Using representa- 
tion (j5.4|) for and setting /™ ©'ILi /" ^ dom(F„), we obtain from 
(1531) 

iinp^.,. < p^/'-iii + iini^ < 2iinp^.,., m e n. (5.6) 

Since the set {/" = 0"^^ /„ : /„ € dom (5^), m e N}, is a core for A^, 
inequality (|5.6p remains valid for / g dom(A-'^). This shows that dom(A^) = 
{/ e W|'^(M+,-H) : /(O) = 0}. Moreover, due to the graph norm of 
and the norm || • ||^^2,2 restricted to dom(A^) are equivalent. 

(iii) Similarly to (j5.5p one gets 

for /„ e dom (5^) = {.g„ G VK2,2(ig^^ . ^/^(q) = 0}, n G N. It remains to 
repeat the reasonings of (ii). □ 
In the following we denote by Cb{M.^,Hs), s G [0, 1], the space of bounded 
continuous functions / : 1R+ — > Hg- 

Corollary 5.3 Let the assumptions of Provosition lSTB be satisfied. Further, let 
df := /' be the derivative of f E T4^^'^(M+, "H) in the distribution sense. If 
f G dom {A^) U dom (A^), then 

(i) df := f G L'^{R+,'Hi/2{T)) and the maps 

d : dom (A^) 9 / ^ /' G L^{W+,nif2{T)), 
d: dom(A^)9/^/'GL2(M+,Hi/2(r)) 

are continuous; 

(ii) /(•) G Cb{R+,n3/4{T)), /'(•) G Cb{R+,ni/2{T)) and the maps 

: dom(^^) 9 / ^ /f^' G Cb{R+,Hy4-,/2{T)), 
: dom(A^) 3f^ /(■'■) G a(M+,H3/4-j/2(r)), 

j — 0,1, are continuous. In particular, one has /(O) G 'H3/4(T) and /'(O) G 

Hi/4(r). 
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Proof, (i) From Proposition 15.2^ 1) and (iii) we get that u G L^(R+,X), 
X = ni{T). Applying the intermediate Theorem 1.2.3 of to X C 
Y = Ho T-L immediately obtain /' S L^(R+, [X, F]i/2) which yields 
/' e L'^{R+,'Hi/2{T)). Moreover, it follows that the map d is continuous. 

(ii) Combining Proposition 15 . 2^ 1) and (iii) with the trace theorem [29j The- 
orem 1.3.1] one proves (ii). □ 

Remark 5.4 Lemma [5.11 Proposition 15.21 and CoroUarv 15.31 also hold for re- 
alizations of the differential expression A considered on a finite interval /, i,e, 
in the space H). For this case Corollary 15.31 has firstly been proved by 

M.L. Gorbachuk [H] (see also [H Corollary 4.1.5], [19, Theorem 4.2.4]) by 
applying another method. Realizations A G Ext a satisfying the condition 
dom(A) C C(/, 7^3/4 (T)) are called maximally smooth (see jTHl Section 4.2]). 

We emphasize however, that Lemma l5.1l and Proposition 15 .21 are new for the 
case of finite interval realizations too. 



5.2 Operators on semi-axis: Spectral properties. 



To extend Theorem l4.3l to the case of unbounded operators T = T* > we firstly 
construct a boundary triplet for A* , using Theorem l3.3l and representation (15. 4p 
for A. 

Lemma 5.5 Let the assumptions of Provosition lSTB be satisfied. Then there is 
a sequence of boundary triplets n„ = {Hn, Fon, Fi„} for S** such that II :— 
n„ =: {H, Fq, Fi} forms a boundary triplet for A*. Moreover, A^ — 
A* |"ker(Fo) and the corresponding Weyl function is given by 



Mi^)^!^EEI±M£Ell, ,eC+, (5.7) 

Proof. For any n S N we choose a boundary triplet n„ = {Hn, Fon, Pin} for 5* 
with Fo„,ri„ defined by g^]). By Theorem gSKi) = Son = S *„ \ ker ( Fo„) 
and by Lemma [4. II the corresponding Weyl function is M„(z) — i\J z — r„. 

Following Lemma l3.ll cf. p.6p , we define a sequence of regularized boundary 
triplets n„ ^ {Un, f On, Fm} for SI by setting i?„ := (Re(VI^T^))i/2, 
Qn := - Im(Vi - T^) and 

ro„:=i?„ro„, F In i?„ ^(Fin — QnPon), n G N. (5.8) 

Hence = Squ and the corresponding Weyl function Af „(•) is given by 

Mn(^)- '^ + .^"^/!^\ ^.C„ ueN. (5.9) 
Re(Vi - Tn) 

By Theorem [231 the direct sum II := ©^j^ n„ = {H, Fq, F i} forms a bound- 
ary triplet for A* and the corresponding Weyl function is 

M(z) = 0M„(z), zeC+. (5.10) 

neN 
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Combining with we arrive at From Theorem [331 (cf. (ESI)) 

and Coroharv 13.51 we get 

oo oo oo 

Ao^A* fker(ro)=0^: f ker ( f o„) = ^On = = (5.11) 

n— 1 n=l n—1 

which proves the second assertion. □ 
Next we generahze Theorem 14.31 to the case of mibomided operator poten- 
tials. 

Theorem 5.6 Let T = T* > 0, to := inf tT(T). Let A := A^rnn be the minimal 
operator associated with A, cf. (jl.ip and let H = {%, Fq, Fi} he the boundary 
triplet for A* defined by Lemma 15.51 Then the following holds: 

(i) The Dirichlet realization A^ f := Af , f E dom(A^) := {g e VF^ ^(M+,H) : 
g{0) = 0} coincides with Aq A* ] ker(Fo) which is identical with the 
Friedrichs extension A^ . Moreover, A^ is absolutely continuous and a{A^) = 
CTaM^) = [to,oo). 

(ii) The Neumann realization A^ := Af , f G dom(A^) {g G VF^'^(R+,'H : 
^'(O) ~ 0} coincides with AgN := A* \ dom{AgN) where dom(j4^jv) = 

dom(ker(ri - B^f o)) and := ^/¥TVTTt^ . Moreover, A^ is ab- 
solutely continuous a{A^) = (7ac{A^) — [tQ^oo). 

(iii) The Krein realization (or extension) A^ is given by AgK :— A* \ ker (Fi — 
B^Tq), where 

= / ^ — \ (5.12) 

V2Vt + Vt + VTTt^ Vt + VT+T^ 

Moreover, kcr(A^) = S)q := Sj'q := {e^^^^/i : h e ra.n{T^/*)}, the restric- 
tion A^ \ doni(A^) n ^Jq is absolutely continuous, and A^ — Osj^ ®(^^)"'^. 
In particular, a{A^) = {0} U aac{A^) and aac{A^) = [to.oo). 

(iv) The realizations A^ , A^ and {A^)"''^ are unitarily equivalent. 

Proof, (i) From Proposition I5.2f ii) we get A^ = A^ . Applying Lemma 1^31 we 
get A^ — Aq. Finahy, using Proposition I5.2r i') and Theorem I4.3r i') we verify 
the remaining part. 

(ii) It is easily seen that with respect to the boundary triplet n„ = 
{T-Ln, Ton, Tin} defined by (|5.8p the extension A^ admits a representation 
A^ = Ab„ where B„ := ^T„ + ^/TTT^, n e N. By Proposition [QTi) . 

A^ = 0^=1 = ^i3" where B^ = 0^=1^"- The remaining part of (ii) 
follows from the representation A^ ~ 0i^i ^^d Theorem 14. 3f iiV 

(iii) Using the polar decomposition i — A = \/l + A^e'^*^'*'-' with 9{X) = n — 
arctan(l/A), A > we get 

/•oo 

Re(VT^) = / ^1 + A2 cos(6'(A)/2)d£;T(A). (5.13) 
Jo 

Setting ^(A) = arctan(l/A), A > and noting t hat cos (y'(A)) = A(l + X^y^^^, 
we find cos(6l(A)/2) = 2-^/2(1 + A2)-i/4(a + y^l + X^)-^/^. Substituting this 
expression in (j5.13l) yields 

Re(Vi^) = 2-^/^T + Vl + T2 )-i/2. (5.14) 
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Similarly, taking into account sin(6'(A)/2) ~ cos(iy9(A)/2) and cos(93(A)/2) = 
2-1/2(1 + A2)-i/4(A + yTTA2)i/2^ we get 



Im(V^^) = / v/l + A2 cos((^(A)/2)d£;T(A) = -^Vr+ ^1 + ^2. 
Jo V 2 

(5.15) 

It follows from ((^ with account of (lETil) and that M(0) := 

s-Xmix^QM[-x) -. where is defined by ^A^ . Therefore, by [TTl 

Proposition 5(iv)] the Krein extension is given by Aqk :— A* [ ker(ri — 
B^Tq). The remaining statement follows from Proposition 15. 2r i) and Theorem 

Il3i;iii). 

(iv) The assertion follows from Theorem 14. 3f iv) and (15. 4p . □ 
Next we generalize Theorem 14.51 to the case of unbounded T > 0. 

Theorem 5.7 Let T = T* > and ti inf crcss(T). Further, let A be the 
minimal operator of A, cf. p.ip - (|1.2p . and A = A* Cz Ext a- Then 

(i) the absolutely continuous part oo)) is unitarily equivalent to the 
part A°EAD{[ti,oo)); 

(ii) the Dirichlet, Neumann and Krein realizations are ac-minimal and 
a{AD) - a{A^) - a„,(A^) C OaM); 

(iii) the ac-part A"-'' is unitarily equivalent to A^ if either {A — i)~^ — (A^ — 

i)-^ e 6oo(-5) or (A-i)-^ - (A^ - z)-i e eooisj). 

Proof. By |33i Corollary 4.2] it suffices to assume that the extension A = A* 
is disjoint with Aq, that is, it admits a representation A = Ab with B € C{'H). 

(i) We consider the boundary triplet 11 — {H, Fq, Pi} defined in Lemma 
15.51 In accordance with p. 61) the Weyl function corresponding to is given 
by M b{z) = {B- M(z))-\ z e C+, where M(z) is given by Clearly, 

Iuy{M b{z))^ M b{z)*IMM{z))M b{z), z e C+. (5.16) 

It follows from that (Re(VT^~T)) > ^2. Therefore ([ETi)) yields 

Im(M(z)) > \/2Im(Af(z)), z G C+, where M(z) = iVI^, (5.17) 

cf. (|4.5p . Following the line of reasoning of the proof of Theorem l4.5f i) we obtain 
from (|5.17p that d^o{t) — oo for a.e. t G [ii,oo), where D ^ D* E &2{'H) and 
kev D = {0}. Moreover, it follows from (|5.16l) that d^D{t) ~ dj^D{t) — oo for 

a.e. t e [ti,oo). One completes the proof by applying Theorem 12.81 

(ii) To prove (ii) for A^ we use again estimates (|5.17l) and follow the proof 
of Theorem I4.5f ii). We complete the proof for A^ by applying Theorem 12.81 
Taking into account Theorem I5.6f iv) we complete the proof of (ii) . 

(iii) The Weyl function M (•) is given by (|5.7p . Taking into account (I5.10p 
one obtains sup„g|ijm+ < oo, where is the invariant maximal normal func- 
tion defined by (|2.8p . Indeed, this follows from (|4.6p because this estimate shows 
that m+ does not depend on n E N. Applying Theorem 12.91 we complete the 
proof. 
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To prove the second statement we note that the operator defined by 
(|5.12p is bounded. Therefore, by (|2.6p to j^k the Weyl function 

Mbk{z) ^ (B^ - M{z))-\ zeC+. 

corresponds. Inserting expression (j5.12p into this formula we get 

/ N 1 1 1 1 VT-i^/I^ 

It foUows that the limit M gK{t + iO) exists for any i G M \ {0} and 
MBK{t) s- lim + ly) = - — —=^^^=. 

Clearly, MgKit) € [H] for any t G R \ {0}. By Theorem O the ac-parts of A 
and are unitarily equivalent whenever {A — i)^^ — {A^ — i)^^ G &oo{^)- 
This completes the proof. □ 
Finally, we generalize Corollary 14.61 to unbounded operator potentials. 



Corollary 5.8 Let the assumptions of Theorem \5. 7| be satisfied. If the condi- 
tions dim('H) — oo and to '■— inf cr(r) = inf ctoss (T) —: ti are valid, then 

(i) the Dirichlet, Neumann and Krein realizations are strictly ac-minimal; 

(ii) the ac-part of A is unitarily equivalent to A^ whenever (|4.19p is satis- 
fied. 

Proof. Corollary 15.81 follows immediately from Theorem I5.7f i) and Theorem 

riv). □ 



5.3 Application 

In this subsection we apply previous results to Schrodinger operators in the 
half-space. To this end we denote hy L — Lmin the minimal elliptic operator 
associated with the differential expression 

in L2(M![+1), := R+ X M". Recall that L^in is the closure of C defined on 

C^iWl+^). It holds dom(L,„i„) = H^{Rl+^) := {/ G H^{Wl+^) : f \ dWl+^ = 
0, \ 9R"+^ = 0} where n stands for the interior normal to (9R"+\ Clearly, 

L is symmetric. The maximal operator L^ax is defined by Lmax = (-^min)*- 
We emphasize that H^(Rl+^) C dom(L„iax) C Hf^^{Rl+^) but dom (L^ax) 7^ 
The trace mappings 7^- : C°°(R^) — > C°°{dWl+^), j G {0, 1} are 
defined by 70/ := / \ 9R!^+^ and 71/ := |^ \ dRl-^\ Let £+ be the domain 
dom(Lmax) equipped with the graph norm. It is known (see [3TJ[52]) that 7^ 
can be extended by continuity to the operators mapping continuously onto 
i7-J-i/2(aR'^+i), J g {0,1}. 

Let us define the following realizations of C: 
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(i) L^f := £/, / e dom (L^) := G ij2(R'^+i) : = 0}; 

(ii) L^f £/, / e dom (i^) := G i/^^^n+i) ^ ^ q}. 

(iii) i^/ := Cf, f € do m (L^) := {(p G dom (imax) : lif + J^lo^ = 0} where 
A := ^-A^ + g(-) : i?-i/2(aM!^+i) ^ iJ-3/2(aR'^+i). 

To treat the operator imin as the Sturm-Liouville operator with (unbounded) 
operator potential we denote by T the minimal operator associated with the 
Schrodinger expression 

r:=-A, + g(a;) :=-^--2 = q{x), (5.18) 

in "H L^j-jg") turns out that T is Moreover, If q{x) > 0, then T > 0. Let 
A :~ j4i„in be the minimal operator associated with (11.11) where T = Tmin- 

Proposition 5.9 Let q(-) G L°°{R), q{-) > 0, and let T he the minimal (self- 
adjoint) operator associated with T in _L^(R). Let also to inf it(T) and ti :— 
inf (Jess (T) . Then: 

(i) the minimal operator A coincides with the minimal operator L and 
dom {A) ^H§iRl+^); 

(ii) the Dirichlet realization A^ coincides with L^ , hence, L^ is absolutely 
continuous and (t(L^) = aac{L^) — [tQ,oo); 

(iii) the Neumann realization A^ coincides with L^ , in particular, L^ is ab- 
solutely continuous and a{A^) = aac{A^) = [to,oo); 

(iv) the Krein realization A^ coincides with L^ , in particular, L^ admits the 
decomposition L^ — O-u^ ©(i^)"^, Ho ■= ker (L^), and aac{L^) — [^O: oo); 

(v) the self-adjoint realizations L^ , L^ , and L^ are ac-minimal, in particular, 
L^ , L^ , and [L^)"''^ are unitarily equivalent to each other. If to = ti, then the 
operators L^ , L^ and L^ are strictly ac-minimal; 

(vi) if L is a self-adjoint realization of C such that either {L—i)^^ — [L^ — i)^^ G 
6oo(i^(K++^)) or (Z - i)-^ - {L^ - i)-^ G 6oo(i^(R++^)) is satisfied, then 
L"''^ and L^ are unitarily equivalent; 

(vii) If to — ti and if L is a self-adjoint realization of C such that {L — i)^^ — 
(L^ — i)^^ G &ao{L'^(^+^^)) is satisfied, then L"''^ and L^ are unitarily equiv- 
alent. 

Proof, (i) We introduce the set 
[i<j<fc 

We note that CVo, which is given by (dH]), and T>^ C C^(R"+^). More- 
over, A \ T>rx> = L \ T>ao ■ Since 2?oo is a core for both minimal operators A and 
L we have A^ L which yields dom (A) = Hq'^{R1+^). 

(ii) Since A = L we have A^ = L^ . Using L^ = L^ the proof of (ii) follows 
immediately from Theorem 15. 6f i). 
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(iii) One verifies that W^'^(R+,H) = -ff^(R"~''"'^), i.c, both spaces are isomor- 
phic. A straightforward computation shows that 

Since W^'^ (R+ , is dense in VK^(E+ , H) the completion of t"^ gives iN defined 

by (|5.3p which is the closed quadratic form associated with . Moreover, using 
that i/2.2(K»+i) is dense in i/i'2(R'|+i) the completion of gives the closed 
quadratic form associated with . Since both completion coincide we get that 
— . The remaining part follows from Theorem l5.6f ii'). 

(iv) Since ^ = L we have that A^ is identical with the Krein realization 
of C. However, it was proved in [TTl Section 9.7] that even is the Krein 
extension of C The rest of the statements is implied by Theorem I5.6f iii) . 

(v) By Theorem 15. 7f ii) the extension A^ , A^ and A^ are ac-minimal. Tak- 
ing into account (i) - (iv) we find that , and are ac-minimal. The 
second statement of (v) follows from Corollarv l5.8f iV 

(vi) This statement follows immediately from Theorem 15. 7f iii) and (ii). 

(vii) It follows from Corollarv l5.8r ii). □ 

Remark 5.10 Let T be the (closed) minimal non- negative operator associated 
uiH :— L^(M") with general uniformly elliptic operator 

j,k=l ^ ^ 

where the coefficients ajk{-) are bounded with their C-'^-derivatives, g > 0. If the 
coefficients have some additional "good" properties, then dom(T) = i?^(R") 
algebraically and topologically. By Lemma [Ol dom(^inin) = W'g'^(M+,'H) = 
Hq'^{R1+'^) and Proposition^ 

remains valid with T in place of the Schrodinger 

operator (j5.18p . 

Note also that the Dirichlet and the Neumann realizations and are 
always self-adjoint ((cf. Theorem 2.8.1], gT])). 

Corollary 5.11 Let the assumptions of Provosition [575\ be satisfied. If 

lim / q{y)dy^O, (5.19) 

\x\^co J\x-y\<l 

then the realizations , and are strictly ac-minimal and 

^(L^) = aaciL"") = a(L^) = a,,(L^) = [0, oo). 

Proof. By 17, Section 60] condition (I5.19P yields the equality adT) = R+, in 
particular G o'c(r) and ti ~ 0. Since q > Q, we have < to < ti — 0, that is 
to = ti = 0. It remains to apply Proposition 15. 9f i')-fiv). □ 

Remark 5.12 Condition (|5.19p is satisfied whenever lim|2.|_j.oo q(x) — 0. Thus, 
in this case the conclusions of Corollarv l5.11l are valid. However, it might happen 
that cr(L^) = cr(i^) = (7ac{L^) = h,oo), to > 0, though inf g(a;) = 0. 
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A Appendix: Operators admitting separation 
of variables 



A.l Finite interval 

Here we consider the differential expression A with unbounded T — T* > (of. 

on a finite interval I — [0, tt] and denote it by Aj. The minimal operator 
A := A/_,„i„ := A' generated by A in the Hilbert space Sji := L'^{I,'H) is defined 
similarly to that oi A = ^min in i^(K+, "H). Obviously, Aj^^i^ is densely defined 
and non-negative. 

We briefly discuss the spectral properties of realizations of Ai which admit 
separating of variables. We set 

A?f Aif, fedom{Af):^{feW^^\l,n):f{0)^f{TT)^0} 

Aff Aif, f edom {Af):^{fe W^^\I,H): no) ^r{7r)^0} 

where W^'^{I,n) = W'^'^{I,n) n L^{I,Hi{T)) with UiiT) defined by (CT) . 

To state the main result denote by Id and In the Dirichlet and Neumann 
realization of the differential expression I :— —<P/dx^ in the Hilbert space L'^{I), 
i.e. 

Id := -^\dom{lD),dom{lD) = {.feW^'^[0,7T]:f{0) = f{n)=0}, 
In := -i^ fdom(/Ar), domGjv) = {/e W^'^'[0,7r] :/'(0) = /'W=0}. 

Obviously, both spectra are discrete and given by a{lD) = {1, 4, . . . , fc^, . . .}, 
A: e N and cr(Zjv) = {0,1,4,..., P, . . .}, fc e No := {0} U N. 

Proposition A.l Let Af and Af be the Dirichlet and the Neumann realiza- 
tions ofAi in L'^{I,n) and let Tk -.^ T + k'^I-uie €{%)). Then 

(i) Af is unitarily equivalent to the operator ©^x-^fe' 

(ii) Af is unitarily equivalent to the operator ®^o^fe'' 

(iii) The spectrum of the operators Af and Af is discrete, pure point, purely 
singular and absolutely continuous if and only if the spectrum of T is so. 

(iv) The spectral multiplicity functions Nj^p{-) and A'^d(-) of the realizations 
Af and Af, respectively, are finite for each A G M whenever the multiplicity 
function Nt{-) is finite. Moreover, if (Jac{T) = [to,oo), then CTadAf) = [to + 
1, oo) and 

N^^n-^ao{t) =pNTa.{t) for a.e. te[to + k^,to + {k + lf), G N, 
as well as aac{Af) = [to,oo) and 

7V(^«)ao(i) = (p+1)7Vt-(<) for a.e. te[to + k',to + {k + lf), 
A: G No := {0} U N. 

(v) The operators {Af)"-'' and (Af are not unitarily equivalent. 
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Proof, (i) By the spectral theorem, the operator Id — is unitarily equivalent 
to the diagonal operator Ad — diag (1^, 2^, . . . , fc^, . . .) acting in SjD = ^^(N). 
Namely, UdId = AdUd where Ud is the unitary map from L^[0,7r] onto /^(N), 

Ud- / = vf £ afe sinfcrr ^ {ofcir e ^'W 

^ k=l 

and flfe — (/, \/2/tt sin kx). Hence 

{Ud ® In)A''{U*D ® In) = {Ud ® InWo ® In + ® T){U*d ® In) = 

OO OO 

KD®In+I^^®T = 0(fc2/„ + T) = 0Tfc. 

k=l k=l 

(ii) In this case, by the spectral theorem, the operator is unitarily equiv- 
alent to the diagonal operator Aat = diag (0, 1^, 2^, . . . , fc^, . . .) in i^jv = ^^(Nq), 
UnIn = AmUn where 

UN-.f^ + \/ - V 6fc cos kx ^ {bk}^ € Z2(No) 

and bk ~ (/, ■\/2/7r cos fcx). Repeating the previous reasonings we arrive at the 
required relation 

{Un ® In)A''{U*j, (g> In) = ©^=0^^. 

(iii) This statement follows immediately from (i) and (ii) in view of the 
obvious relations cr(0^i Tk) = cr{Tk) and crT(0^i = Ufcli <^T{Tk), 
T = pp, s, sc, ac. 

(iv) From (i) and (ii) and the obvious relations ar{Tk) — k'^ + ar{Tk), t — 
d,pp, s, sc, ac, k gN we verify (iv). 

(v) From (i) and (ii) it follows that aac{A^ ) ~ {JT=o '^ac{Tk) and (Jac{Af) — 
UfeLi <^ac{Tk) which yields aac{Af) 7^ crac{Af) which proves (v). □ 

A. 2 Semi-axis 

Our next purpose is to show that the spectral properties of realizations of A 
admitting separation of variables can be investigated directly by applying ele- 
mentary methods. In particular, we present a simple proof of Theorem 15. 6f ii). 
let us at first prove a general statement. 

Lemma A. 2 Let K and T be self-adjoint operators in the separable Hilbert 
spaces K. and %, respectively, and let Lk K ® I-u ~\- Ik ® T which is self- 
adjoint in IC <E)'H. 

(i) // the self-adjoint operators Ki and K2 are unitarily equivalent, then Lk^ 
and oltc unitarily equivalent 

(ii) // K is absolutely continuous, then Lk is absolutely continuous. 

Proof, (i) Let y be a unitary operator such that K2 — V*KiV. Then U := 
V I-H is unitary and 

U*Lk,U = V* In{Ki ®In+lK® T)V ® In = K2® In + Ik®T = Lk^,- 
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(ii) Let (} be an auxiliary infinite dimensional separable Hilbert space. In 
L^(R, f)) we consider the multiplication operator Q defined by 

{Qm) = tf{t), teM, /eL2(R,(,). (A.l) 

If K is absolutely continuous, then there is an isometry $0 '■ ^ — ^ L^(M, f)) such 
that (5$o = ^oK, ^0^0 = Ik- Hence the isometry $ := $0 ® -^w : /C (g) "H — !• 
L^(R, i)) (^H intertwines Lk and L := Q ® /l2(r,[)) ® T, i.e. 

Notice that ^^(IR, t)) (S)H = ^^(R, fi (g) -H). The operator L has in L^^r^ f,')^ 
()':=() (g) "H, the representation L :— Q + T where Q is a multiplication 
operator which is defined similarly as Q, cf. (|A.ip . and T is given by 

(f /)(<) :-T7W, /edom(f ) :={/ eL\R,tj'):rf{t)eL'{R,t)')} 

where T' := I^^^T . Using the Fourier transform J- one easily verifies that Q is 
unitarily equivalent to the momentum operator — in L^(R, f)'), i.e J^~^ QT = 
-i-^- This yields that 

TLT-^ = -i— + H. 
dt 

Finally, using the gauge transform {Qf ){t) = e^**^/(t), / G L^(R, f)'), we find 
GTLT-^g-^ = -if^. Hence 

- ij^ GT^ = GT^Lk (A.2) 

Since the momentum operator —i-^ is absolutely continuous the relation (jA.2p 
immediately implies that Lk is absolutely continuous. □ 
We consider the self-adjoint operator 

Ir r dom(/,), dom(/,) = {/ e W'^\R+) : /'(O) = r/(0)}, 

in /C := where r e M+ U {0} U {00}. The extensions r = and r = 

,22 

00 are identified with the Neumann and the Dirichlet realizations of — ^ , 
respectively. Further, let T = T* > 0, T e C{H). Consider the family of 
self-adjoint operators 

Ar ■.^lr<E)I-H+lK'^T, T G R+ U {0} U {oo}, (A.3) 

in the Hilbert space /C(K)H = L^{R+,n). Note for each t e M+U{0}U{oo} the 
operator Ar can be regarded as a self-adjoint extension of the minimal operator 
A defined by (|TTT|) and ([L^ . In particular, we have = A^ and = A-'^. 

Corollary A.3 Let T = T* > 0. 

(i) // Ti > and T2 > 0, then At-^ and A^^ are unitarily equivalent. In particu- 
lar, the extensions A^ and A^ are unitarily equivalent. 

(ii) If T > 0, then Ar is absolutely continuous. In particular, A^ and A^ are 
absolutely continuous. 
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Proof, (i) From [531 Section 21.5] we get that the operators Ir are unitarily 
equivalent to each other if r > 0. Applying Lemma lA.2r i) we prove (i). 

(ii) Using the Fourier transformation one easily proves that the operator Iq 
is absolutely continuous. Taking into account Lemma lA. 2^ 1) we verify (ii). □ 

Remark A. 4 

(i) We note that the above reasonings cannot be applied to realizations of A 
which do not admit the tensor product structure (|A.3p . 

(ii) Comparing Corollary IA.3I with Proposition lA.ll we obtain that there are 
substantial differences between spectral properties of realizations on the semi- 
axis K+ and on a finite interval /. Indeed, for self-adjoint realizations of A 
on R_|_ the ac-part can never be eliminated for any T — T* > 0, cf. Theorem 
I5.7f ii). In contrast to that the spectral properties of self- adjoint realizations of 
Ai strongly depend on T. 
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Abstract 

Consider the minimal Sturm-Liouville operator A = ^min generated by 
the differential expression 

in the Hilbert space L^(R+,H) where T = T* > in H. We investigate 
the absolutely continuous parts of different self-adjoint realizations of 
A. In particular, we show that Dirichlet and Neumann realizations, 
A^ and A'^ , are absolutely continuous and unitary equivalent to each 
other and to the absolutely continuous part of the Krein realization. 
Moreover, if infCTcss(r) = infcr(r) > 0, then the part A'^'Ej^iaiA^)) 
of any self-adjoint realization A of ^ is unitarily equivalent to A^ . 
In addition, we prove that the absolutely continuous part A'^" of any 
realization A is unitarily equivalent to A^ provided that the resolvent 
difference {A — — {A^ — is compact. The abstract results are 
applied to elliptic differential expression in the half-space. 
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1 Introduction 

Let T be a non-negative self-adjoint operator in an infinite dimensional separable 
Hilbert space T-l. We consider the minimal Sturm-Liouville operator A generated 
by the differential expression 

A:=-§,+T (1.1) 

in the Hilbert space Sj :— L^(R+, H) of H-valued square summable vector- valued 
functions. Following [19[ f2D] the minimal operator A :— Amin is defined as the 
closure of the operator A' defined by 

where W^o'^(M+) := {(/) € W'^'^{R+) : (/)(0) = 0'(O) = 0}, that is, A^^in := A'. 
It is easily seen that A is a closed non-negative symmetric operator in H with 
equal deficiency indices n±{A) — dim('H). The adjoint operator A* oi A — An^n 
is the maximal operator denoted by A^ax Extensions of A are usually called 
realizations of A, self-adjoint extensions are called self-adjoint realizations. Self- 
adjoint realizations of A were firstly investigated by M. L. Gorbachuk [W in 
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the case of finite intervals /. Namely, he showed that the traces of vector- 
functions / e dom (Aniax) belong to the space 'H_i/4(T), cf. (|5.2p . In particular, 
dom(Amax) is not contained in the Sobolev space W^'^{I,'H). Based on this 
result he constructed a boundary triplet for the operator A^^x = ^min ^ ^* 
in the Hilbert space L^{I,'H). These results are similar to those for elliptic 
operators in domains with smooth boundaries, cf. [3J [221 133, and go back to 
classical papers of M.I. Visik gD] and G. Grubb [2^ . 

After the pioneering work [T^ the spectral theory of self-adjoint and dissi- 
pative realizations of A in L'^{I,'H) has intensively been investigated by sev- 
eral authors for bounded intervals. Their results have been summarized in the 
book of M.L. and V.I. Gorbachuk Section 4] where one finds, in particular, 
discreteness criterion, asymptotic formulas for the eigenvalues, resolvent com- 
parability results, etc. Some results from [50] including the construction of a 
boundary triplet were extended in [3T], [TH], [3D], [TT] Section 9], to the case of 
the semi-axis. In particular, in |21j . |18j . the ©p-resolvent comparability of two 
realizations of the form y'{0) = Cjy(O), j € {1,2}. For instance, the Dirich- 
let and the Neumann realizations are ©i-resolvent comparable if and only if 
T-i e 6i (cf. [H])- 

However neither the absolutely continuous spectrum (in short ac-spectrum) 
nor the unitary equivalence of self-adjoint realizations of A have been investi- 
gated in previous papers. We show, cf. Lemma TS. 11 that the domain dom (A) 
of the minimal operator A coincides algebraically and topologically with the 
Sobolev space W^^^{R+,H) := {/ G W^'^{R+,H) : /(O) = /'(O) = 0}, where 

W^''^{R+,H) consists of ?^-valued functions /(•) e W'^''^{R+,'H) satisfying 

11/11'^.^.-= / {wrmi + umi + WTfrnDdt <oo. 

This statement is similar to the classical regularity result for minimal elliptic 
operators with smooth coefficients, see [S] [221 [32] ■ Besides we show that the 
Dirichlet and Neumann realizations defined by 

dom(A^) := {/ e W^-\R+,n) : /(O) - 0}, 
dom(A^) := {/ e W^'^(R+,-H) : /'(O) = 0} 

are self-adjoint, cf. Proposition 15.21 This statement is similar to that of the 
regularity of Dirichlet and Neumann realizations in elliptic theory (cf. [31 1231 
[32]). It looks surprising, that these regularity statements were not obtained in 
previous papers even in the case of finite intervals. 

Moreover, we show that the realizations A^ and A^ are absolutely continu- 
ous and unitarily equivalent for any T. We note that these results can easily be 
obtained using the tensor product structure of A^ and A^ , see Appendix A. 2. 
However, the method fails if the special tensor product structure is missing. We 
investigate the spectral properties of arbitrary self-adjoint realizations of A by 
investigating the corresponding Weyl functions. 

We point out that the results substantially differ from those for Dirichlet 
and Neumann extensions Af and A^ of on a finite interval /. In the later 
case the spectral properties of Af and A^ strongly correlate with those of T, cf. 
Appendix A.l. In particular, we show that, in contrast to the case of a finite 
interval, for any T = T* > none of the realizations of A on the semi-axis is 
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pure point, purely singular or discrete. Moreover, we show that for any T > 
the Dirichlet and the Neumann realizations and A'^ are ac-minimal in the 
following sense. 

Definition 1.1 ( |36L Definition 3.5, Definition 5.1]) Let ^ be a closed 
symmetric operator and let Aq be a self-adjoint extension of A. 

(i) We say that is ac-minimal if for any self-adjoint extension A oi A the 
absolutely continuous part Aq"^ is unitarily equivalent to a part of A. 

(ii) Let (To := <^ac{Ao). We say that Aq is strictly ac-minimal if for any self- 
adjoint extension A oi A the part A°-''E^{ao) of A is unitarily equivalent to the 
absolutely continuous part Aq'^ of A^. 

One of our main results, which follows from Theorem 15.61 Theorem 15.71 and 
Corollarv l5.8l can be summarized as follows: 

Theorem 1.2 Let T be a non-negative self-adjoint operator in the infinite di- 
mensional Hilbert space T-L with to = inf (t(T) and ti = inf Ucss {T). Further, let 
A be a self-adjoint realization of A. Then the following holds: 

(i) The Dirichlet and the Neumann realizations A^ and A^ of A are unitarily 
equivalent, absolutely continuous and a{A^) = aac{A^) = a{A^) = aac{A^) = 
[io,oo). 

(ii) The Dirichlet, Neumann and Krein realizations A^ , A'^ and A^ of A are 
ac-minimal. 

(iii) These realizations are strictly ac-minimal if and only if to = ti. 

(iv) // one of the following conditions 

(A-i)-' -{A'' -i)-' ee^iSj) or (I-i)-i-(^^-z)-ie6oo(i?) 

is satisfied, then the absolutely continuous part A"'^ of A is unitarily equivalent 
to the Dirichlet realization A^ . 

(v) If to ~ t\, then the absolutely continuous part A"''^ of A is unitarily equiva- 
lent to the Dirichlet realization A^ provided that 

(I-i)-i-(A^-z)-ie©oo(i3). 

At first glance it seems that the ac-minimality of A^ contradicts the classi- 
cal Weyl-v. Neumann theorem, cf. Theorem X.2.1], which guarantees the 
existence of a Hilbert-Schmidt perturbation C = C* such that the spectrum 
(t{A^-\-C) of the perturbed operator A^ -\-C is pure point. But, in fact. Theorem 
ll.2| presents an explicit example showing that the analog of the Weyl-v. Neumann 
theorem does not hold for non-additive classes of perturbations. Indeed, The- 
orem 11.21 shows that for the class of self-adjoint extensions of A the absolutely 
continuous part can never be eliminated. Moreover, if {A — i)^^ — {A^ — 
is compact, then even unitary equivalence holds. 

We apply Theorem 11.21 and other abstract results to Schrodinger operators 
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considered in the half-space = x M", n G N. Here g is a bounded non- 

negative potential, q = q G L°°(M"), q > 0. In this case the minimal elhptic 
operator L := Lmin generated in L^{R.'^^^) by the differential expression C can 
be identified with the minimal operator A ^ Amin generated in Sj = i^(R+,'H), 
H := L'^iW), by the differential expression ((TT]) with T = -A^ + g = T*. 
Therefore and due to the regularity theorem (see [32]) the Dirichlet 
and the Neumann realizations of the elliptic expression £ are identified, 
respectively, with the realizations and A^ of the expression A. Moreover, 
the Krein realization of £ is identical with A^ . This leads to statements 
on realizations of £ which are similar to those of Theorem II .21 In fact, one has 
only to replace A by L in Theorem II .21 In addition, if the condition 

lim / q{y)dy = (1.3) 

m^<^ J\x-y\<l 

is satisfied, then and are absolutely continuous and strictly ac-minimal. 
In particular, a{L^) = aac{L^) ^ cr(i^) = crac(i^) = [0,oo). 

To prove Theorem 11.21 we consider the minimal symmetric operator A as- 
sociated with the differential expression A in the framework of extension the- 
ory, more precisely, in the framework of boundary triplets intensively developed 
during the last three decades, see for instance [TTl [T^l [20] or and references 
therein. The key role in this theory plays the so-called abstract Weyl func- 
tion introduced and investigated in [lOl [TTJ [12]. Moreover, the proofs invoke 
techniques elaborated in % and our recent publication [351 . 

Namely, the proofs of unitary equivalence are based on some statements from 
[36) . which allow to compute the spectral multiplicity function N^^^{-) of the 
ac-part A"''^ of an extension A = A* in terms of boundary values of the Weyl 
functions at the real axis, cf. Proposition 12.61 and Corollarv l2.7l 

We construct a special boundary triplet for the operator A* (in the case of 
unbounded T = T* > 0) representing A as a direct sum of minimal Sturm- 
Liouville operators S'„ with bounded operator potentials T„ := T£'r([n— l,n)), 
n £ N, where Et{-) is the spectral measure of T. The corresponding Weyl 
function M(-) has weak boundary values 

A/(A) := M(A + iQ) = w-limAf(A -I- iy) for a.e. A G R. (1.4) 

This boundary triplet differs from that used in 11, Section 9] . It is more suitable 
for the investigation of the ac-spectrum of realizations of A than that one of [11] 
Section 9]. Due to the property (|1.4p the statement (iv) of Theorem 11.21 follows 
immediately from our recent result [3ni Theorem 1.1]). We note that this is more 
than one can expect when applying the classical Kato-Rosenblum theorem [M] 
[35] . Indeed, in accordance with its generalization by Kuroda [2H1 [IS] ; Birman 
|1] and Birman and Krein [B] it is required that the resolvent differences in (iv) 
and (v) of Theorem 11.21 belong to the trace class ideal and not to the compact 
one as actually assumed. We note also that although the limit (|1.4p does not 
exist for the Weyl function of the Neumann realization A^ the conclusion (iv) 
of Theorem 1 1.2 1 still remains valid, cf. Theorem ll.2f v). 

The paper is organized as follows. In Section 2 we give a short introduction 
into the theory of boundary triplets and the corresponding Weyl functions. We 
recall here some statements on spectral multiplicity functions and the main 
theorem from [36j used in the following. 
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In Section 3 we obtain some new results on symmetric operators S :— 
®^=i being an infinite direct sum of closed symmetric operators Sn with 
equal deficiency indices. First, let n„ — {"Hn, Fon, Fin} be a boundary triplet 
for S**, n e N. In general, the direct sum 11 = n„ is not a boundary 

triplet for S* ^ ^"^=1 S**, cf. gS]. Nevertheless, we show, cf. TheoremlO that 
each boundary triplet n„ can slightly be modified such that the new sequence 
n„ = {Hn, Fo„, Fin} of boundary triplets possess the following properties: 

(i) the direct sum 

oo oo oo 

n = 0n„ = {H,fo,fi}, H:=0H„, f, :=0r,„, j e {o.i}, 

n— 1 n— 1 n— 1 

is already a boundary triplet for S* ; 
(n) the extension So ■— S* \ kerFg satisfies So — Son where 

Son ■= S* \ kcrFon = 5* \ kerFo„ =: 5o„, n e N. 

Moreover, the Weyl function M(-) corresponding to the triplet 11 is block- 
diagonal, that is, M(-) — Mn{-) where M„(-) is the Weyl function corre- 
sponding to the triplet n„, n € N. This result plays an important role in the 
sequel. In particular, we show that the self-adjoint extension So = 5'on 
is ac-minimal provided that the deficiency indices n±{Sn) are equal and finite. 
We also prove in this section that if > 0, n € N, then the Friedrichs and 
Krein extensions S^ and S^ of S := Sn, respectively, are the direct sums 
of Friedrichs and Krein extensions of the summands Sn, i.e., 5*^ := 5*^ 
and 5*^ := S^ , cf. Corollarv 13.51 In a recent paper [53] Theorem 13. 31 has 
been applied to Schrodinger operators with local point interactions. 

In Section 4 we consider Sturm-Liouville operators with bounded operator 
potentials. In this case it is easy to construct a boundary triplet for A*. We 
prove here Theorem 11.21 in the case T G [H] and establish some additional 
properties of Krein's realization as well as other realizations. 

In Section 5 we extend the results to the case of Sturm-Liouville opera- 
tors with unbounded non-negative operator potentials. We construct here a 
boundary triplet for A* using results of both Sections 3 and 4 and compute the 
(block-diagonal) Weyl function. Based on this construction we prove Theorem 
II. 21 for unbounded T and establish some additional properties of Dirichlet, Neu- 
mann and other realizations as well. In particular, we prove here the regularity 
results mentioned above. Finally, we apply the abstract results to the elliptic 
partial differential expression C in the half-space. 

In the Appendix we present some results on realizations of A admitting 
separation of variables, i.e., having a certain tensor product structure. 

The main results of the paper have been announced (without proofs) in [3 5) , 
a preliminary version has been published as a preprint [34 . Since the results of 
the paper are obvious if dim('H) < oo we consider the case when dim('H) = oo. 

Notations In the following we consider only separable Hilbert spaces which 
are denoted hy Sj, V. etc. A closed linear relation in "H is a closed subspace of 
H ® "H. The set of all closed linear relations in H is denoted by C(H). A graph 
gr (_B) of a closed linear operator B belongs to C{H). The symbols C{Hi,H2) 
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and [iOi,i32] stand for the sets of closed and bounded linear operators from Sji 
to Sj2, respectively. We set C(n) := C(n, U) and [io] := [io, i^]. We regard C{W) 
as a subset of C('H) identifying an operator B with its graph gr [B). 

The Schatten-v. Neumann ideals of compact operators are denoted by 
©p(io), p g [1,00], where Si(io), &2{S^) and 6oo(-5) are the ideals of trace, 
Hilbert-Schmidt and compact operators, respectively. 

The symbols dom(T), ran(r), q{T) and <j{T) stand for the domain, the 
range, the resolvent set and the spectrum of an operator T e C{'H)^ respectively; 
T""^ and (Jac{T) stand for the absolutely continuous part and the absolutely 
continuous spectrum of a self-adjoint operator T = T* . 

2 Preliminaries 

2.1 Boundary triplets and proper extensions 

In this section we briefly recall basic facts on boundary triplets and their Weyl 
functions, cf. [lOl HH US [23 . 

Let A be a densely defined closed symmetric operator in the separable Hilbert 
space with equal deficiency indices n±{A) = dim(ker {A* =F i)) < 00. 

Definition 2.1 ( [20] ) A triplet 11 = {?^,ro,ri}, where H is an auxiliary 
Hilbert space and ro,ri : dom(A*) — "H are linear mappings, is called an 
boundary triplet for A* if the " abstract Green's identity" 

(A*/,g)-(/,A*.g) = (ri/,ro.g)«-(ro/,ri5)«, /,gedom(A*), (2.1) 

holds and the mapping T (Fq, Fi) : dom {A*) — > "H H is surjective. 

Definition 2.2 (|20]) A closed extension A of A is called a proper exten- 
sion, in short A' € Ext^, ii A C A' C A* . Two proper extensions A, A" are 
called disjoint if dom (A') n dom (A") — dom (A) and transversal if in addition 
dom (A) + dom {A") = dom (A*). 

Clearly, any self-adjoint extension A — A* is proper, A E Ext^. A boundary 
triplet n = {H,Fo,Fi} for A* exists whenever fi+(A) = n-{A). Moreover, 
the relations n±{A) — dim('H) and ker(Fo) n ker(Fi) — dom (A) are valid. In 
addition one has Fq, Fi e H] where io+ denotes the Hilbert space obtained 
by equipping dom (A* ) with the graph norm of A* . 

Using the concept of boundary triplets one can parameterize all proper, in 
particular, self-adjoint extensions of A. For this purpose we denote by C{H) the 
set of closed linear relations in 7i, that is, the set of all closed linear subspaces 
of "H © "H. A linear relation 8 is called symmetric if 8 C 0* and self-adjoint if 
8 = 8* where 8* is the adjoint relation. For the definition of the inverse and 
the resolvent set of a linear relation 8 we refer to [T5] . 

Proposition 2.3 Let H = {H,Fo,Fi} be a boundary triplet for A* . Then the 
mapping 

Ext A 9 I ^ rdom (A) = {{Fo/, Fi/} : / e dom (I)} =: 8 G C{H) (2.2) 

establishes a bijective correspondence between the sets Ext^ and 0(1-1). We put 
Aq := A where 8 is defined by (j2.2p . Moreover, the following holds: 
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(i) = if o-i^d only if Q = Q* ; 

(ii) The extensions Aq and Aq are disjoint if and only if there is an operator 
B G CijH.) such that gr {B) — Q. In this case (|2.2p takes the form 

Ae^A*\keT{Ti-BToy, 

(iii) The extensions Aq and Aq are transversal if and only if Aq and Aq are 
disjoint and Q = gr (B) where B is bounded. 

With any boundary triplet 11 one associates two special extensions Aj := 
A* \ ker(rj), j g {0,1}, which are self-adjoint in view of Proposition 12.31 
Indeed, we have Aj A* \ ker (r^) = Aq., j e {0, 1}, where Qq := {0} x H 
and 8i := H x {0}. Hence Aj — A* since Qj — 'd*j- In the sequel the extension 
Aq is usually regarded as a reference self-adjoint extension. 

Moreover, if Q is the graph of a closed operator B, i.e. 8 = gr (B), then the 
operator Aq is denoted hy Ab- 

Conversely, for any extension Aq — Aq (z Ext a there exists a boundary 
triplet n = {H, Tq, Ti} for A* such that Aq := A* \ ker {Tq). 

2.2 Weyl functions and 7- fields 

It is well known that Weyl functions are an important tool in the direct and 
inverse spectral theory of singular Sturm-Liouville operators. In [Tnilllllll] the 
concept of Weyl function was generalized to the case of an arbitrary symmetric 
operator A with n+{A) = n-{A). Following [Tni[IIl[I2] we recall basic facts on 
Weyl functions and 7-fields associated with a boundary triplet 11. 

Definition 2.4 ([inilll]) Let H = {•H,ro,ri} be a boundary triplet for A*. 
The functions 7(-) : g(Ao) ^ [H^S)] and M{-) : ^?(Ao) ^ [H] defined by 

7(z) (rotDa,)"' and M(z) := ri7(z), z G g(Ao), (2.3) 
are called the j-field and the Weyl function, respectively, corresponding to 11. 

It follows from the identity dom(A*) ~ ker (ro)-i-9l2, z G g{AQ), where 
Aq:^ A* \ ker (Tq), and 91^ := ker {A* - z), that the 7-field 7(-) is well defined 
and takes values in [H,Sj]. Since Fi e [Pj+,7{\, it follows from (|2.3p that M{-) 
is well defined too and takes values in [H]. Moreover, both 7(-) and M{-) are 
holomorphic on g{AQ). It turns out than the Weyl function M{-) is in fact a 
_R-^-function (Nevanlinna or Herglotz function), that is, M{-) is a ["Hj-valued 
holomorphic function on C\R satisfying 

M(z) = M(z)* and Im (M(z)) ^ ^ ^ c\R, 

Im (z) 

which in addition satisfies the condition G g{lm (M(z))), z e C\R. 

If A is a simple symmetric operator, then the Weyl function M(-) determines 
the pair {A, Aq} uniquely up to unitary equivalence (see [TH[37]). Therefore 
M(-) contains (implicitly) full information on spectral properties of Aq. We 
recall that a symmetric operator is said to be simple if there is no non-trivial 
subspace which reduces it to a self-adjoint operator. 
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For a fixed Aq = Aq extension of A the boundary triplet 11 = {H,ro,ri} 
satisfying dom(y4o) ~ ker(ro) is not unique. If 11 = {■H,ro,ri} is another 
boundary triplet for A* satisfying ker(ro) = ker(ro), then the corresponding 
Weyl functions M(-) and Af(-) are related by 

M{z) ^ R*M{z)R + Rq, (2.4) 

where Rq — Rq ^ [H] and Re [HjH] is boundedly invertible. 

2.3 Krein type formula for resolvents and resolvent com- 
parability 

With any boundary triplet 11 = {H,To,ri} for A* and any proper (not neces- 
sarily self-adjoint) extension Aq € Ext a it is naturally associated the following 
(unique) Krein type formula (cf. [TUl [TTl IT^ ) 

{Ae-z)-^-{Ao-z)-^=j{z){&-M{z))-^^{zr, zeg{Ao)nQ{Ae). (2.5) 

Formula (j2.5p is a generalization of the known Krein formula for resolvents. We 
note also, that all objects in (j2.5p are expressed in terms of the boundary triplet 
n (cf. Unillllin]). The following result is deduced from formula ([23]) (cf. [HI 
Theorem 2]). 

Proposition 2.5 Let U = {H.TqjTi} be a boundary triplet for A* , 8^ = 9* G 
C(T-l), i G {1,2}. Then for any Schatten-v. Neumann ideal &p, p G (0, cx)], and 
any z S C \ R the following equivalence holds 

{Ae, - z)-' - {Ae, - z)-^ e 6p{^j) (Gi - z)'^ - (62 - z)"' e 6p(H) 

In particular, (Aq^ - z)^^ ~ (Aq - z)"^ £ &p{^) (6i - i)"^ e 6p('H). 
// in addition 0i, 02 G [H], then for any p € (0, 00] the equivalence holds 

{Ae, - z)-' - {Ae, - z)-^ e 6p(io) ^ 81 - 62 e 6p(H). 

2.4 Spectral multiplicity function and unitary equivalence 

Let as above A be a densely defined simple closed symmetric operator in and 
let n = {■H,ro,ri} be a boundary triplet for A* , M(-) the corresponding Weyl 
function M(-) and Aq = A* \ ker (Fq) = A*q. 

In our recent publication [35] using some results from [33] we expressed the 
spectral multiplicity function NA^-'i') of A^'^ by means of the limit values of the 
Weyl function M(-). In general, the limit M{t) := s-\imyio M {t + iy) , t G R, 
does not exist. However, for any D G &2{'H) satisfying ker (D) ~ ker (£>*) = {0} 
the "sandwiched" Weyl function, 

M°{z) := D*M{z)D, z e C±, 

admits limit values M^(t) :— s-limj^^o (t + iy) for a.c. t e M, even in 
62-norm (cf. [S], [H]). We set 

dMo{t) := dim(ran(Im(A.f^(t)))), 
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which is well-defined for a.e. f G M. The function d (•) is Lebesgue measurable 
and takes values in the set of extended natural numbers {0} U N U {00} = 
{0, 1, 2, . . . ,cx)}. The set supp^ ^ := {i e M : dMo{t) > 0} is called the 
support of dMo{-) and is, of course, a Lebesgue measurable set of R. If the 
limit M{t) s-limj,^o ^^(i + w) exists for a.e. t g R, then we set :— 
dim(ran (Im(M(i)))). 

To state the next result we introduce the notion of the absolutely continuous 
closure c\ac{S) of a Borel subset (5 C R (see for definition Appendix] as well 
as [SI E]). The use of this notion for the investigation of the ac-spectrum of 
Schrodinger operators etc. see the recent publication |15) . 

Proposition 2.6 ( |36L Proposition 3.2]) Let A be as above and let H = 
{'H,ro,ri} be a boundary triplet for A* , M{-) the corresponding Weyl func- 
tion. If D is a Hilbert- Schmidt operator such that ker (Z?) = ker(D*) = {0}, 
then NA^^it) = dj^.jD{t) for a.e. t gR and iTac(^o) — clac(supp (dM^)). 

If in addition, the limit M{t) :~ s-limj^^o -^^(^ + w) exists for a.e. t G R, 
then iVyiac(i) = dmit) for a.e. t €R and aadAo) = c\ac{supp{dM))- 

If A — A* e Extyi and is disjoint with Aq, then by Proposition I2.3r ii) there 
is a self-adjoint operator B acting in H such that A = As ■= A* \ kcr(ri — 
BTq). In this case the multiplicity function Na<^''{-) is expressed by means of 
the generalized Weyl function Mb{ ) oi A — Ab defined by 

Mb{z) := {B - M{z))-\ zeC±, (2.6) 

Corollary 2.7 ([36l Corollary 3.3]) Let A, 11, M(-) and D be as in Propo- 
sition{KB\ and let B = B* eC(n). Then NAifit) = d^oit) for a.e. t e M and 
<yac{AB) = c1qc(supp {d^g))- 

If in addition, the limit MB{t) :— s-liuiy^o MBit + iy) exists for a.e. i G R, 
then NAi^':{t) = dMsit) for a.e. < G R and aaci^B) = c1qc(supp {duB))- 

Finally, we can retranslate the unitary equivalence of ac-parts of two self-adjoint 
extensions in terms of the limit values of the Weyl functions. 

Theorem 2.8 (f36', Theorem 3.4]) Let A, 11, M(-) and D be as in Propo- 
sition and B — B* G €{%). Let also Eab{') f^^id EAa{') be the spectral 
measures of Ab — A*g and Aq, respectively. If S is a Borel subset o/R, then 

(i) AqE')^ (S) is unitarily equivalent to a part of AbE")^ (d) if and only if 
d]^,jD{t) < dj^joit) for a.e. t £ S; 

(ii) Aoi?^^((5) and AbEj^^{S) are unitarily equivalent if and only if d^oit) — 
d]^jn(t) for a.e. f G S. 

Theorem 12.81 reduces the problem of unitary equivalence of ac-parts of certain 
self-adjoint extensions of A to the computation of the functions d]^.jD(-) and 
dj^jD (•). If 5 = R, then the absolutely continuous part Aq'^ is unitarily equivalent 

to A'^" = A|f if and only if dji/B (t) = dj^jo (t) for a.e. t G R. 

If M(-) is the Weyl function of a boundary triplet 11, then we introduce the 
maximal normal function 

m+{t):^ sup \\M{t + iy)\\ , teR. 
a6(o,i] 
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Theorem 2.9 ([36l Theorem 4.3, Corollary 4.6]) Let A, II, M( ) and D 

be as in Provosition \2.b\ Let A — A* ^ Ext a cind Aq := A* \ ker (Fq). Assume 
also that there is a Borel subset SofM. such that the maximal normal function 
TO+(t) is finite for a.e. t £ S and the condition 



(2.7) 



is satisfied. Then the ac-parts A'^'^Ej(6) of AEj(S) andAoEAoiS), respectively, 



are unitarily equivalent. In particular, if m"^ [t) is finite for a. e. 
absolutely continuous parts A"''^ and Aq"^ are unitarily equivalent. 



t e 



then 



One easily verifies that m^{t) < oo for a.e. t E S ii and only if limit (|1.4p 
exists for a.e. t £ S. Thus, condition m+(i) < oo for a.e. t G S in Theorem 12.91 
can be replaced by the assumption that the limit (jl.4l) exists for a.e. t G 6, cf. 
[551 Theorem 1.1]. 

However, the function m"'"(-) depends on the chosen boundary triplet. In 
|34)-|36] we introduced the invariant maximal normal function Tn~''(-) defined by 



sup 

ae(o,i] 



1 



V^m{M{i)) 



{M{t + iy) -ReiM{i))) 



1 



<: € R. It follows from (|2.4p that the invariant maximal normal functions for 
two boundary triplets 11 = {'H,ro,ri} and 11 = {iJ, ro,ri} for A* coincide 
whenever A* \ ker(ro) = A* \ ker(ro). Clearly, m+(t) < oo if and only if 
m'^{t) < oo for any t G M. However, the invariant maximal normal function is 
more convenient in applications. We demonstrate this fact in the next section 
applying this concept to infinite direct sums of symmetric operators. 



3 Direct sums of symmetric operators 
3.1 Boundary triplets for direct sums 

Let Sn be a closed densely defined symmetric operators in Sjn, ^^{Sn) — 
n_(S'„), and let H„ = {"H™, Fgn, Tin} be a boundary triplet for S"*, n e N. Let 

oo oo 

A:=05„, dom(A) :=0dom(5„). (3.1) 

n—1 n—1 

Clearly, A is a closed densely defined symmetric operator in the Hilbert space 
S) := -Qn with n±{A) — oo. Obviously, we have 

oo oo 

A*=^Sl dom(A*) = 0dom(5:). (3.2) 

n—1 n—1 

Let US consider the direct sum IT := {I-L.Tq^Ti} of boundary 

triplets defined by 

oo oo oo 

n:=^nn, ro:=0ro„ and ri:=0ri„. (3.3) 

n—1 n—1 n—1 
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We note that the Green's identity 

fn,gn & dom(S'*), holds for every S**, n e N. This yields that the Green's 
identity ([IT]) holds for := A* \ dom (F), dom (F) := dom (Tq) n dom (Ti) C 
dom {A*), that is, for / = fn, 9 = 5n € dom (F) we have 

(A/,g)-(/,Ag) = (ri/,rog)H-(ro/,rig)„, /,gedom(r), (3.4) 

where A* and Fj are defined by p.2p and p.3p . respectively. However, the 
Green's identity (|3.4I) cannot extend to dom (A*) in general, since dom (F) 
is smaller than dom {A* ) generically. It might even happen that F^ are not 
bounded as mappings from dom (A*) equipped with the graph norm into H. 
Counterexamples such that H — ®^]^ n„ is not a boundary triplet firstly ap- 
peared in [IS]). 

In this section we show that it is always possible to modify the boundary 
triplets n„ in such a way that the new sequence n„ = {'Hri, Fq, Fi} of boundary 
triplets for S** such that 11 = n„ defines a boundary triplet for A* and 

the relations 

Son := S: \ ker (f o„) = S^ \ ker (Fo„) 5o„, n G N, (3.5) 

are valid. Hence Aq := S'on = ®^=iSon =■ Ao. We note that the 

existence of a boundary triplet H' = {'H,Fq,F'j} for A* satisfying ker(FQ) — 
dom(ylo) is known (see (TT] [20]). However, in applications we need a special 
boundary triplet for A* which respects the direct sum structure and which leads 
therefore to a block-diagonal form of the corresponding Weyl function. We start 
with a simple technical lemma. 

Lemma 3.1 Let S be a densely defined closed symmetric operator with equal 
deficiency indices, let H — {"HjFojFi} be a boundary triplet for S* , and let 
M{-) be the corresponding Weyl function. Then there exists a boundary triplet 
H = {H,Fo,Fi} for S* such that ker(Fo) = ker(Fo) and the corresponding 
Weyl function M(-) satisfies M{i) — i. 

Proof. Let M{i) = Q + iR^ where Q := Re{M{i)), R := ^lm{M{i)). We set 
fo:=i?Fo and f i i?-i(Fi - QFq). (3.6) 

A straightforward computation shows that H := {H,Fo,Fi} is a boundary 
triplet for jl*. Clearly, ker(ro) = ker(Fo). The Weyl function M(-) of H is 
given by M(-) = R-^{M{-) - Q)R-^ which yields M{i) ^ i. □ 
If S' is a densely defined closed symmetric operator in i^, then by the first 
V. Neumann formula the direct decomposition dom (S*) = dom {S) -i- OT^ + 
holds, where := ker (S* =F i). Equipping dom (S*) with the inner product 

{f,g)+:=iS*f,S*g) + {f,g), /, <? G dom (5* ) , (3.7) 

one obtains a Hilbert space denoted by i^^. The first v. Neumann formula leads 
to the following orthogonal decomposition 

Sj+ = dom{S)®mi®m-i. 
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Lemma 3.2 Let S, H and M(-) be as in Lemma \3.1\ If M{i) — i, then T : 
— > 'H(B'H, T (ro,ri) is a contraction. Moreover, T isometrically maps 
eOT-, ontol-L. 

Proof. We show that 

mf + h + f-^)\\nen = \\f^ + f-^\\\ (3-8) 

where f + + G doni(S') + + 91-^ dom(5*). Since dom(5') = 
ker(ro)nker(ri) we find 

l|r(/ + /. + ^■-^WH^n = WMh + /-OIIh + liri(/,: + 

Clearly, 

\\^3{h+f-r)\\li = l|r,/,||2+2Re((r,/„r,/_,))+ l|r,/-.|l', j e {o,i}. (3.9) 

Using Tif, = M{i)Tof, = iV^h and Tif^, = M{-i)T„f^, = -^^o/-, we obtain 

\\^l{f^ + f-^)\\n = (ro/„ro/0-2Re((ro/„ro/_.)) + (ro/-.,ro/_.) (s.io) 

Taking a sum of p.9p and p.lOp we get 

l|ro(/. + f-^)\\u + l|ri(/, + f-^)fu - 2||ro/,||^ + 2||ro/-,||^. (s.u) 

Combining equalities Tif±i = ±iro/±i with Green's identity (j2.ip we obtain 
W^ohU - WhW and ||ro/-,||« = ||/-,||. Therefore (EH]) takes the form 

l|ro(/. + f-^)\\li + liriCA + = + nf-^f■ (3.12) 

A straightforward computation shows \\fi + = 2||/i|p + 2||/_i||^ which 

together with dSHD proves Since ||/, + /_,||^ < ||/||^ + ||/, + /_,||^ = 

11/ + /i + + , we get from p.Sp that F is a contraction. 

Obviously, F is an isometry from 91 into H (B H. Since 11 is a boundary 
triplet for S*, ran(F) — H (BH. Hence F is an isometry acting from 91 onto 
H®H. □ 

Passing to the direct sum p.lL we equip dom (5'*) and dom (A*) with their 
graph's norms and obtain the Hilbert spaces io+„ and respectively. Clearly, 
the corresponding inner products (/, g)+n and (/, g)+ are defined by p.7p where 
S'* is replaced by S'* and A*, respectively. Obviously, io+ = 0i^i.$3+n. 

Theorem 3.3 Let {Sn}'^=i be a sequence of densely defined closed symmetric 
operators in io„ and let Son — S'on € Ext 5^ . Further, let A and Aq be given by 
mi and 



^o:=0^on, (3.13) 

ri=l 

respectively. Then there exist boundary triplets n„ := {"Hn, Fo„, Fi„} for S'* 
such that Son = 5** \ ker(Fori), n G N, and the direct sum H = ^^j^ n„ 
defined by (j3.3D forms a boundary triplet for A* satisfying Aq — A* \ ker(Fo). 
Moreover, the corresponding Weyl function M {■) and the ^- field ^{■) are given 
by 

00 00 

M{z) = M„ (z) and 7(z) = 07„(z) (3.14) 

n— 1 ?i— 1 

where Mn{-) and 7ri(-) are t/ie Weyl functions and the j-field corresponding to 
n„, n £ N. In addition, the condition M{i) = il holds. 



13 



Proof. For every 5*0,1 = S'q„ G Exts„ there exists a boundary triplet n„ = 
{'H„,ro„,ri„} for S** such that Son 5* f ker(ro„) (see [U). By LemmaO 
we can assume without loss of generality that the corresponding Weyl function 
M„(-) satisfies Af„(i) — i. By Lemma 13.21 the mapping F" := (Fo,i,Fi„) : 
i^+Ti — > 'Hn ® 'Hn, is contractive for each n eN. Hence ||Fj|| = sup„ ||Fj„|| < 
l,j e {0, 1}, where Fq and Fi are defined by (|3.3I) . It follows that the mappings 
Fo and Fi are well-defined on dom(F) = dom{A*) = 0^=idom(5;). Thus, 
the Green's identity p.4p holds for all f,g e doni {A* ) . 

Further, we set 9I±,;„ := ker (S** =F«), 9Ti„ + 5^±i := ker (A* =Fi) 

and 91 := + By Lemma [X^ the restriction F" \ 9I„ is an isometry from 
91„, regarded as a subspace of i^+n, onto Hn ® "Hn. Since 91 regarded as a 
subspace of f)+ admits the representation 91 ~ ^n, the restriction F |" 91, 

F := 0^^^ F", isometrically maps 91 onto "H Hence ran(F) =n®n. 
Equalities (|3.14p are follow from Definition 12.41 □ 

Remark 3.4 Theorem 13.31 generalizes a result of Kochubei [25l Theorem 3] 
which states that for any sequence of pairwise unitarily equivalent closed sym- 
metric operators {-SnlnGN there are boundary triplets H„ for S"*, n e N such 
that H = 0„gN H„ defines a boundary triplet for A* = 0„gN S*^. 

Recall, that for any non-negative symmetric operator A the set of its non- 
negative self-adjoint extensions Ext ^^(0, cx)) is non-empty (see [BUI]). The set 
Extyii(0, oo) contains the Friedrichs (the biggest) extension A^ and the Krein 
(the smallest) extension A^ . These extensions are uniquely determined by the 
following extremal property in the class Ext ^^(0, oo) : 

{A^ + x)-'^ <{A + x)-'^ <{A'^ + x)-'^, a;>0, I G Ext ^(0, c«). 



Corollary 3.5 Let the assumptions of Theorem \ 3.!^ he satisfied. Further, let 
•^n > 0, 71 g N, and let and be the Friedrichs and Krein extensions of 
Sn, respectively. Then 

oo oo 

A^^^S^ and A^ = ^S^. (3.15) 

n—l n—1 

Proof. Let us prove the second relation. The first one is proved similarly. By 
Theorem 13.31 there exists a boundary triplet H„ = {Hm^onj^in} for 5* such 
that Sf^ = Son and H = 0i^i n„ is a boundary triplet for A* . 

Fix any X2 € K+ and put C2 := ||M(— a;2)||. Then any h — 0?Li hn € H can 
be decomposed by /i = /i^^) ® h^^^ with h^^^ e ©Li'^n and h^^> e ®^=p+iH„ 

such that < C:^^^^. Hence \{M{-X2)h(^\h'^^'>)\ < 1. Due to the 

monotonicity of M(-) we get 

(^Af(-a;)/i(2),/j(2)^ > (^M{-X2)h^^\h^^'>^ > -1, x£ (0,2:2). 

Since 6*011 = , the Weyl function M„(-) satisfies 

lim ( M„(-a;)g„,5„ ) = +00, gn^UnX {0}, (3.16) 

x\.0 \ j 
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cf. [m Proposition 4]. Because M(-) = 0^iM„(-) is block-diagonal, cf. 
p.l4p . we get from p.l6p that for any > there exists a;i > such that 

(m,-.,.«....). .MO,..,. (3.17, 

Combining p.l6p with p.l7p and using the diagonal form of M(-), we get 

{M{~x)h, h) = {M{~x)h^^^ , h'-^^) + (Af (-.t)/i(2) ^ /^(2)) > TV _ 1 

for < X < min(xi,X2). Thus, liuixioiM {—x)h,h) — +oo for h ^ 'H \ {0}. 
Applying [TTl Proposition 4] we prove the second relation of (|3.15p . □ 

Remark 3.6 Another proof can be obtained by using characterization of 
and by means of the respective quadratic forms. 



3.2 Direct sums of symmetric operators with arbitrary 
deficiency indices 

We start with some simple spectral observations for direct sums of symmetric 
operators where the symmetric operators may have arbitrary deficiency indices. 



Proposition 3.7 Let {Sn}'^^^ he a sequence of densely defined closed symmet- 
ric operators in Sjn o,nd let 5on — Sq^^ £ Ext s„ ■ Further, let A and Aq be given 
by p. II) and (j3.13p . respectively. If A is a self-adjoint extension of A such that 
condition 

(A-t)-' ~{Ao-i)-^ e&ooi^) (3.18) 

is satisfied, then 

(JaciAo) =\Jaac{Son) C (t(I) and aac{A) c\Ja{Son) = ct(Ao). (3.19) 
Proof. By the Weyl theorem, condition p.lSp yields CTcss(^) = o'oss(^o)- Hence 

|Jcrac(5'o„) = CTaciAo) C Cross(^o) = CTcssiA) C a{A) 

and 

a-ac{A) C acss{A) = CTess(^o) ^ cr{Ao) = \^a{Son) 

which completes the proof. □ 
Applying Theorem 12.91 the results of Proposition 13.71 can be improved as 
follows. 

Theorem 3.8 Let {S'nlJ^i be a sequence of densely defined closed symmetric 
operators in S)n and let Son = •S'g^ € Ext 5^ . Further, let n„ = {"Hn, Ton, Fin} 
be a boundary triplet for S* such that Squ = S* \ ker(ro„), n G N, and let 
Mn{-) be the corresponding Weyl function. Moreover, letm^{t), nCzN, be the 
invariant maximal normal function for n„ . Further, let A and Aq be given by 
p.ip and p.l3p . respectively. 

If S is a Lebesgue measurable subset ofM. such that sup„gpfm^(i) < +00 for 
a.e. t (5, then for any self-adjoint extension A of A satisfying the condition 
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(|3.18p . the absolutely continuous parts A°''^Ej{S) and Ag'^EAoiS) o-i^e unitarily 
equivalent. In particular, if 5 = then the parts A"''^ and Aq"^ are unitarily 
equivalent and (I3.19P is replaced by aadAo) = aadA). 

Proof. Let n„ = {"Hn, Fon, Tin} be a boundary triplet for 5*, n S N, defined 
according to ^M . that is fo„ Rn^On and ?!„ :^ i?^^ (ri„ - Re(M„(i))ro„) , 
where i?„ :— i/lm Mn{i))- The corresponding Weyl function Af„(-) is 

M„(z) = i?-i(Af„(z) - ReM„ii))R-\ neN. 

Since M„(i) ^ i, n e N, by Theorem ESI n = ©^=i n„ {n,fo,fi} is a 
boundary triplet for A* = 0^^, S*^ satisfying A* \ kerf o = Aoj= ©^^^ 5o„. 
By the definition of m+(-) one has m+(i) = := supyg(Q_i] \\Mn{t + iy)\\ for 

i e M, n e N. Since Aq = Son we get that rn^{t) = sup„TO+(t), where 

m+(i) supj,g(-Q ||M(t + iy)\\, t G R. By assumption, the maximal normal 
function fh^{t) is finite for a.e. t € 5. Hence we obtain from Theorem 12.91 that 
A'^'^E^{5) and A^'^Eao {S) are unitarily equivalent. □ 
Let T and T' be densely defined closed symmetric operators in S) and let Tq 
and Tq be self-adjoint extensions of T and T', respectively. The pairs {T, Tq} 
and {T',Tq} are called unitarily equivalent if there exists a unitary operator U 
in i5 such that T' = and = UToU-\ 

Corollary 3.9 Let the assumptions of Theorem \3.8\ be satisfied. Moreover, let 
the pairs \^SrL}SQn\, ri G M; be unitarily equivalent to the pair {tSi, .Soi}- If 
the maximal normal function m^{t) := supQ^y<]^ + 'i-s finite for a.e. 

t Cz S and if the condition (|3.18p is satisfied, then the absolutely continuous parts 
A'^''Ej{S) and Aq'^Ea^ (S) are unitarily equivalent. 

Proof. Since the symmetric operators Sn are unitarily equivalent, we assume 
without loss of generality that Hn = "H for each n € N. Let J7„ be a unitary 
operator such that Ai = UnSnU~^ and Aqi = UnSonU~^ . A straightforward 
computation shows that HJ^ :— {"H, Fg^, r'j„}, := ToiUn and := ri„J7„, 
defines a boundary triplet for 5* . The Weyl function M^{-) corresponding to 
is M^{z) = Mi(z). Hence m+(-) = m;+(-) and m'^{t) = m'+{t) for t € R, where 
m+ (t) and (t) are the invariant maximal normal functions corresponding to 
the triplets n„ and H^, respectively. Since tn^(t) = tn^(i) for t S R and n G N 
we complete the proof applying Theorem 13.81 □ 

3.3 Direct sums of symmetric operators with finite defi- 
ciency 

Here we improve the previous results assuming that n±(Sn) < oo. First, we 
show that extensions Aq — ©^i<S'on(G Ext a) of the form (|3.13p possess a 
certain spectral minimality property. To this end we start with the following 
lemma. 

Lemma 3.10 Let H be a bounded non-negative self-adjoint operator in a sep- 
arable Hilbert space and let L be a bounded operator in f) . Then 

(i) dim(ran(i?)) = dim(ran 
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(ii) IfL*L < H, then dini(ran (i)) < dim(ran (iJ)); 

(iii) If P is an orthogonal projection, then dini(ran (PiJP)) < dim(ran (iJ)). 

Proof. The assertion (i) is obvious. 

(ii) If L*L < H, then there is a contraction C such that L — C^/H. Hence 

dim(ran(L)) — dini(ran (C\/i?)) < dini(ran — dim(ran (iJ)). 

(iii) Clearly, dim(ran (Pi?P)) < dini(ran (/ffP)) < dini(ran (/ff)). Ap- 
plying (i) we complete the proof. □ 

We are going to show that if the summands have only finite deficiency indices, 
then the absolutely spectrum of extensions of the direct sum can only increase 
comparing with the absolutely continuous spectrum of those extensions which 
are direct sums of extensions. 

Theorem 3.11 Let {Sn\'^=i he a sequence of densely defined closed symmetric 
operators in io„ and let Son = iSq^ € Ext . Further, let A and Aq be given by 
(|3.ip and (I3.13p . respectively. 

If the deficiency indices of Sn o,re finite for each n Cz N, then Aq isjic- 
minimal, in particular, (TadAo) C aac{A) for any self-adjoint extension A of 
A. 

Proof. By Theorem 13.31 there is a sequence of boundary triplets n„ := 
{■H„, Ton, Fin}, n e N, for 5* such that Son = S* \ ker(ro„), n e N, and 
the direct sum II = {■H,ro,ri} — n„ of the form p.ip is a bound- 

ary triplet for A* satisfying Aq = A* \ ker(ro). By Proposition 12.31 any 
A = A* G Ext A admits a representation A = with 9 = 9* e C{'H). 
By [36l Corollary 4.2(i)], we can assume that A and Aq, are disjoint, 
that is Q — B = B* E C{'H). Consider the generalized Weyl function 
Mb(-) := {B - M{-))-\ where M(-) = ©^^^ M„(-), cf. (EH- Clearly, 

Im(Mi3(z)) = MB{z)*lnY{M{z))MB{z), z e C+. 

Denote by Pn, N N, the orthogonal projection from H onto the subspace 
T~l-N ■=®^=i'Wn- Setting M^"" (z) PnMb{z) IHn, and taking into account 
the block-diagonal form of M(-) and the inequality Im {M{z)) > we obtain 

Im (M^" (z)) = Im {PnMb{z)Pn) (3.20) 
= PNMB{zyiu^{M{z))MB{z)PN > Mj^" {zyimiM^'' {z))Mj^'' (z), 

where Af^"(z) PnM{z) \ Un = ®n=i Mn{z). Since P^ is a finite dimen- 
sional projection the limits M^'' [t) := s-hm^^^o ^^s" (^ + iy) and [t) := 
s-limj^;o A^'^" [t + iy) exists for a.e. t e R. From p.20|) we get 

Im (M^" {t)) > Mg" (t)*Im (M^" it))Mg" (t) for a.e. t G R. (3.21) 

Since Mb{-) is a generalized Weyl function, it is a strict i?-H-function, that 
is, ker(Im(MB(z))) = {0}, z £ C+. Therefore, M^"(-) is also strict. Hence 
e g{M£''{z)), z e C+, and Gn{-) := -(M|'"(-))~^ is strict. Since both 
Gn{-) and M^™(-) are matrix-valued i?-functions, the limits Mg"(t + iO) := 
limj^^o ^b" + ^y) ^^'^ Gjv(t + «0) := lim^^o GN{t + iy) exist for a.e. t e M. 
Therefore, passing to the limit in the identity Mg^{t + iy)Giq{t -\- iy) = — / as 
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y 0,we get M^" {t + iO)GN{t + iO) = -I for a.e. t G R. Hence M^"" {t) 
M^^ {t + zO) is invertible for a.e. t e M. 

Further, combining p. 211) with Lemma l3.10f ii) we get 



dim ^ran ^ y/lm M^" (t)M|'" (t)^ j <dj^p^{t) for a.e. <e 
Since M^" (t) is invertible for a.e. i G K, we find 



dMPN (t) ■■= dim ran WImM^"(i) < d p„ (t) for a.e. t G M. (3.22 



Let Dat = Pn®Do where Dq G ©2('H]V) and satisfy ker (Dq) = ker (D^) = {0}. 
Then ker(i:ijv) = ker (D^) = {0} and Pn = PAri'Ar ^ DnPn- By Lemma 
[XTUT iiil. dMi-Nit) < d,,u^{t) for a.e. t G M. Further, for any D G ©2('H) 
and satisfying ker (D) = ker(D*) = {0}, dj^,jD{t) = d oj^{t) for a.e. i G M. 

^^^^ S 

Combining this equahty with p.22p we get d^jj>„ (i) < rf^/o (i) for a.e. i G M 
and iV G N. Since 

Af oo 
71—1 n— 1 

for a.e. i G M, we finaUy prove that c?mo (^) ^ t^M" (0 fo'^ a.e. t G M. One 
completes the proof by applying Theorem I2.8f i) . □ 
Taking into account Proposition [2]6] and Corollarv l2.7l the proof of Theorem 
l3.11l shows us that in fact the spectral multiplicity function N^^cit) can only be 
increase with respect to iV^ac(t), that is, one always has 7Vjj„^(t) > NA^^it) for 

a.e. i G M and any self-adjoint extension A of A. 

Corollary 3.12 Let the assumptions of Theorem \3.11\ be satisfied. If Sn > 
0, rt G N and if the deficiency indices of Sn are finite for each n G N, then 
the Friedrichs and the Krein extensions A^ and A^ of A are ac-minimal. In 
particular, [A^ )'^'^ and (A^)"''^ are unitarily equivalent. 

Proof. Combining Theorem 13 . 1 1 1 and CoroUarv 13 . 51 one immediately proves the 
assertions. □ 

Corollary 3.13 Let the assumptions of Theorem \3.8\ be satisfied. Further, let 
the deficiency indices of Sn be finite for each n G N. 

(i) If 

S^:={teR:J2 ^M„ (t) - oo}, (3.24) 

then for any self-adjoint extension A of A the parts A°''^Ej{doo) and Aq'^Eaq (Soo) 
are unitarily equivalent. 

(ii) If S is a Lebesgue measurable subset o/M such that sup„m^(t) < oo for a.e. 
t Cz 6, then for any self-adjoint extension A of A the parts A"''^E^{Soc U 6) and 
Aq'^Eaq {Soo U S) are unitarily equivalent. 
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Proof, (i) By ([5:^ and we find dM^it) ^ +00 for a.e. t £ Soo- 

Since by Theorem 13.111 the spectral multiplicity function can only be increase 
for self-adjoint extensions A one gets that N^^^{t) — NA^<'{t) for a.e. t G 6 

which immediately yields the unitary equivalence of the parts A'^'^E^{doo) and 

(ii) By Theorem 13.81 the parts A°-''E^{S) and Aq'^Eao{S) are unitarily equiv- 
alent. Using (i) we immediately obtain the unitary equivalence of the parts 
A^^E^iS^ U S) and A^Ea,, (Soo U 5). □ 

Corollary 3.14 Let the assumptions of Theorem \3.11\ he satisfied. If the defi- 
ciency indices of Sn are finite for each n £ N, then lj„gpj o'ac('S'on) C aac{A) for 
any self-adjoint extension A of A. If in addition condition (j3.18l) is valid and 
the extensions Son are purely absolutely continuous for each n G N, then 

aac{A) = U aaciSon). (3.25) 

Proof. The first statement immediately follows from Theorem 13.111 Relation 
p.25p is implied by Proposition [3T71 □ 

Corollary 3.15 Let the assumptions of Theorem \3.11\ he satisfied. Further, let 
the pairs {S'n, •S'on}, n G N, he unitarily equivalent to {Si, Sqi\ . If the deficiency 
indices of Sn are finite for each n S holds, then for any self- adjoint exten- 
sion A of A satisfying condition p.lSp the ac-parts A"''^ and A^'^ are unitarily 
equivalent. 

Proof. The proof follows immediately from Corollarv 13.91 □ 

Remark 3.16 (i) For the special case n±{Sn) = 1, ri e N, Theorem [XTI] com- 
plements [2j Corollary 5.4] where the inclusion (Tac(^o) ^ f^aciA) was proved. 
Moreover, Corollarv 13.151 might be regarded as a substantial generalization of 
[2j Theorem 5.6(i)] to the case n±{Sn) > 1. However, in the case n±{Sn) — 1, 
Corollarv l3.15l is implied by ^ Theorem 5.6(i)] where the unitary equivalence of 
j^ac _ j^ac g^j^i^ j^ac proved Under the weaker assumption that B is purely 
singular. Indeed, by Proposition 12 .51 condition p.lSp with A — As is equivalent 
to the discreteness of B. 

(ii) The inequality NA^^it) < Nj^^{t) in Theorem 13.111 might be strict even 
for t e aac{Ao). Indeed, assume that (a, /3) is a gap for all except for the opera- 
tors 51, ... , Sn- Set := 0„^i Sn and ^2 := 0^^jv+i Then ^±(52) = oo 
and {a, (3) is a gap for 5*2. By [7] there exists S2 — S2 £ Ext 5^ having ac- 
spectrum within (a, j3) of arbitrary multiplicity. Moreover, even for operators 
A = ^^^iSn satisfying assumptions of Corollarv 13.151 with n±{Sn) = 1 the 
inclusion (Tac(^o) Q cTadA) might be strict whenever condition p.lSp is vio- 
lated, cf. [7] or Theorem 4.4] which guarantees the appearance of prescribed 
spectrum either within one gap or within several gaps of Aq. 

4 Sturm-Liouville operators with bounded op- 
erator potentials 

Let H be an infinite dimensional separable Hilbert space. As usual, L^(IR+,'H) 
stands for the Hilbert space of (weakly) measurable vector-functions / (•) : K+ — )■ 
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T-L satisfying \\f{t)\\'^dt < oo. Denote also by W^^'^(]R+, 'H) the Sobolev space 
of vector- functions taking values in H. 

Let T — T* > be a bounded operator in H. Denote hy A Amin the 
minimal operator generated by A, cf. in := L^(R+,'H). It is known 

(see [inilSSI) that the minimal operator A is given by 

(A/)(x) = -^/(x)+T/(x), f edom{A)^wS-'iR+,n), (4.1) 

where wS-\R+,n) := {/ G W^-\R+,n) : /(O) = /'(O) = 0}. 

The operator A is closed, symmetric and non-negative. It can be proved 
similarly to [H Example 5.3] that A is simple. The adjoint operator A* is given 
by Uni Theorem 3.4.1] 

{A*f){x) = -^fix)+Tfix), f edomiA*)^W^^\R+,n). (4.2) 

The Dirichlet reahzation A^ is defined by A^/ := / e dom(A^) := {5 e 
T4^2'^(M+,'H) : 5(0) = 0}. Similarly, the Neumann realization A^ is defined 
by A^f ■= Af, f e dom(A^) {g e W^'^{R+,H : g'(0) = 0}. Since 
dom(yl) C dom(A^),dom(yl^) C dom(yl*) one gets that A^ and A^ are 
proper extensions of A. One easily verifies that A^ and are symmetric 
extensions. 

By [21 Theorem 1.3.1] the trace operators Tq, Ti : dom{A*) U, 

ro/-/(0) and ri/ = /'(0), /Gdom(A*), (4.3) 
are well defined. Moreover, the deficiency subspace Vlz{A) is 

9T^(A) = {e"^'^/i: /leH}, z e C±, (4.4) 
with the cut along M+ . 

Lemma 4.1 A triplet 11 = {"HirojFi}, where Fq a77.rf Fi are defined by (|4.3I) . 
forms a boundary triplet for A* . The corresponding Weyl function M(-) is 



M(z) = iVz - T = 4 y ^/z-\ dEriX), z e C+. (4.5) 

Proof. One obtains the Green formula integrating by parts. The surjectivity 
of the mapping F := (Fo,Fi) : dom(A*) -^'H®'H follows from gS]) and [5^ 
Theorem 1.3.2]. Formula (|43t is implied by (|44)) . □ 

Lemma 4.2 Let T be a bounded non-negative self-adjoint operator in % and 
let A and 11 ~ {'H,Fo,Fi} be defined by (|4.ip and (|4.3p . respectively. Then 

(i) the invariant maximal normal function xxi^ {t) of the Weyl function M{-) is 
finite for all t & and satisfies 

m+(0 < (1 + V2)(l + i2)i/4^ ^^K^ (4_g) 

(ii) The limit M{t -f iO) :— s-limj,^o M{t -\- iy) exists, is bounded and equals 

M{t + iO)^i / Vt - XdEriX) for any teR. (4.7) 
Jr 
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(iii) dM{t) = dim(ran (£^t([0, t)))) for any t G 
Proof, (i) It follows from (|4.5p and definition 



that 



m^(i) < sup sup 

2/6(04] -^>o 



^/t + iy- X - Re - A) 



Im iVi^) 



Clearly, = (1 + A2)i/4g«(^-¥')/2 ^^ere ip := arccos (7=5) ■ 

< 1, A>0. 



Hence 



Re(V« 


-A) 


= '^'^ (f ) 


lm{\/ i 


-A) 





1 



A + VTTA2 



Furthermore, we have 



^t + iy - X 



Im{Vi~X) 



< V2\ 



V(A-t)2+y2 

A + VTTA2 



/4 



for A > 0, t e M and y e (0, 1] which yields (|4J)) . 

(ii) F rom (|43|) wc find A/(i) := M(t + iO) := s-\imy^a i^/t + iy - T = 
Wt - T, for any t € R, which proves dUT]). Clearly, M(t) e [H] since T e [H]. 

(iii) It follows that Im(M(t)) = y/l~^ET{[0,t)), which yields dM(i) = 



dim(ran(Im(A/(t)))) ^ dim(ran (£'t([0, t)))). 

With A — A,„in one associates a closable quadratic form t'^[/] 
dom (t') = dom {A). Its closure If is given by 



tF[/]:=^ {\\nx)\\l, + \\Vffix)\\l}dx, 



□ 

(AfJ), 



(4.8) 



/ e dom (If) = Wo'^(R+,-H), where VFo'^(R+,H) {/ G P^^'' 
/(O) = 0}. By definition, the Friedrichs extension A^ of A is a self-adjoint 
operator associated with t^. Clearly, A^ — A* \ (dom (A*) n dom(tF)). 

Theorem 4.3 LetT >0, T = T* e [n], and to := inf (t(T). Let A be defined 
by (|4.ip andn = {'H,ro,ri} the boundary triplet for A* defined by (j4.3l) . Then 
the following holds: 

(i) The Dirichlet realization A^ coincides with Aq :— A* \ ker (Fq) which is 
identical with the Friedrichs extension A^ . Moreover, A^ is absolutely contin- 
uous and its spectrum is given by a{A^) = crac{A^) = [to, 00). 

(ii) The Neumann realization A^ coincides with Ai := A* \ ker(Fi). A^ is 
absolutely continuous (A^)"-'^ — A^ and cr{A^) — (Tac{A^) — [to, 00). 

(iii) The Krein realization (or extension) A^ is given by 



dom(A^) = {fe W^'\R+,n) : /'(O) + Vt/(0) = 0}. 



(4.9) 



Moreover, ker(A^) = Sjo := io^, Sj'^ := {e'^^/i : h G ran(ri/4)} and the 
restriction A^ \ dom {A^)r]^jQ is absolutely continuous, that is, Sj^ = Sj'^'^{A^) 
andA^ = Q^^CB^A'^Y". In particular, cr(A^) = {0}UcrQc(^^) andaac{A'^) = 
[to, 00). 

(iv) The realizations A^ , A^ and (A^)"''^' are unitarily equivalent. 
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Proof, (i) It follows from and that dom(^^) = dom(^o) which 

yields = Aq. Since doni(>lo) ^ Wo'^(M+,H) = dom(tF) we have 

= Ao (see [H Section 8] and 01 Theorem 6.2.11]). It follows from (|I77)) 
and [5J Theorem 4.3] that ap{Ao) — asc{Ao) = 0. Hence is absolutely 
continuous. Taking into account Lemma I4.2r iii) and Proposition 12.61 we get 
<t{Ao) = CTqc(Ao) = clac(supp {(Im)) = [^0, oo) which proves (i). 

(ii) Obviously we have dom {A'^) = dom (^i) := ker (Fi) which proves = 
Ai . It follows from Lemma 14.11 and (|2.6p that the Weyl function corresponding 
to ^1 is given by 

Moiz) (0-M(z))-i = i(z-T)-i/2 ^ ^ f ^ dErW, z e C+. (4.10) 



Since Mo(-) is regular within (~(X),to), we have (— oo,to) C g{Ai). Further, let 
T > to. We set "Hr := -£'t([^o, 'T'))^ and note that for any h e Hr and t > t 

(Mo(t + iO)h, h) = i((t - T)-^/^h, h)^i f ^ d{ET{X)h, h). (4.11) 

Jta yt — \ 

Hence for any h E Hr \ {0} and t > t 

< {t-toy^/^\\hf <lm{Mo{t + iO)h,h) ^ f {t - X)-^^^d{ET{X)h,h) < oo. 

J to 

By [HI Proposition 4.2], aac{Ai) 3 [r, oo) for any r > io, which yields aac{Ai) — 
[to,oo). It remains to show that Ai is purely absolutely continuous. Since 
Mo{t + iO) ^ [H] we cannot apply [8, Theorem 4.3]. Fortunately, to we can use 
[SI Corohary 4.7]. For any t eR, y > 0, and h e H we set 

Vh{t + iy) := Im(Mo(t + iy)h, h) ^ J Im (^-^=J=^^ d{ET{X)h, h). 

Obviously, one has 

1 



Vh{t + iy)< j j^^—^^—^d{ET{X)h,h), teM, 2/>0, heU. 
Hence 

Vh{t + zyf <\\hr^P-^'> j ^^^—l—^diETiX)h,h), pe(l,cx)). 
We show that for p £ (1, 2) and — oo < a < b < oo 

Cp{h;a,b):= sup / Vh{t + lyY dt < oo. 
we(o,i] J a 

Clearly, 

Vi(f + isj'df < j" d{E{:X)h. h) I' ^^^^—J—^df 
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Note, that for p G (1,2) and — oo < a < & < oo 



dt< I -^dt^: Xpib, a ~\\T\\) <oo, 



Hence Cp{h; a, b) < Kp{h, a - \\T\\)\\h\\'^P < oo for p e (1, 2), -oo < a < & < oo 
and h £ v.. By [8, Corollary 4.7], Ai is purely absolutely continuous on any 
bounded interval (a, 6). Hence Ai is purely absolutely continuous. 

(iii) By [ni Proposition 5] A^ is defined by A^ = A* \ ker (Fi - M(O)ro). 
It follows from that M(0) = -VT. Therefore, A^ is defined by (H^l) . 

It follows from the extremal property of the Krein extension that ker {A^) — 
ker(^*). Clearly, fh^x) := exp{-xVT)h € L'^{R+,'H), h G ran(Ti/4), since 

/ II exp(-a;\/T)/i||^dx 
Jo 

dphit) / = / -^dph{t) < oo, 



2Vt 

where Ph{t) '■= [ET{t)h,h) . Thus, Sj'q C ker(yl*). It is easily seen that P)'q is 
dense in S)o. To investigate the rest of the spectrum of A^ consider the Weyl 
function Mk{-) corresponding to A^ . It follows from (|4.5p and (|2.6p that 

MKiz) = M_^{z) = -{VT + M{z)y^ 

= -{Vr + iVI^)-^ = ^{iVI^-Vf) = + $(z). 

where $(z) z - r + VT]. For t > we get 



ImAf/f(t + iO) = Im$(t + iO) = ^ - T£;t([0, t)). (4.12) 

Hence, by H Theorem4.3], crp(A^) n (0, oo) = crsc(^^) n (0, oo) = 0. It follows 
from (|4:T2]) that Im(MK(t + jO)) > for t > t^. By Corollary [2J] we find 
Oac{A^) = [io,oo). 

(iv) It follows from (g^l and (|i?T^ that dAf(t) = ciji/fc(i) = 
dim(ran (£'t([0, t)))) for t > to. Combining this equality with aac{A^) — 
<7ac{A^) = [io,oo), we conclude from Theorem l^ii) that A^ and {A^Y" 
are unitarily equivalent. 

Passing to Ai, we assume that 1 < dim(ran (£'t([0, s)))) = pi < oo for 
some s > 0. Let Afc, k G {1, . . . p < Pi, be the set of distinct eigenvalues 
within [0,s). Since Mo(< + i2/)i?T([0, i)) is the p x p matrix-function, the limit 
Mo(i + iO)ET{[0,t)) exists for t € [0, s) \ ULii-^fc}- I* follows from (|nT|) that 

Im(Mo(t)) = \T-t\-'/'ETi[0,t)), te[0,s)\[j{Xk}. 

fc=i 

This yields 

dMoit)) dim(ran(Im(Afo(i)))) - dim(ran (i;T([0, t)))) = dM(i) 
for a.e t e [0, s) \ Ufc^ii'^fe}' ^^at is, for a.e. t £ [0, s). 
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If diin(i?r([to, s))) — oo, then there exists a point sq G (0, s), such that 
dim(i?T([0, So])) = oo and dim(i?T([0, s))) < oo for s G [0,so)- For any t G 
(so,s) choose t G (so,i) and note that dim(ran (£^^([0, r)))) — oo. We set 
Ur ■■= ETi[0,T))n and "Hoo £;t([t, oo))?^ as well as Tr := TEt{[0,t)) and 
Too '■— TEt{[t, oo)). Further, we choose Hilbert-Schmidt operators Dr and 
Doo in Ht and Hoo, respectively, such that ker(I?T-) — ker(_D*) = ker(Z?oo) — 
kei {Dl^) = {0}. According to the decomposition H Ht © "Hoo we have 
Mq = Mr © A'/oo, D = Dr® Doo and d^Dit) = dj^jD^ (t) + d^^jo^ (t) for a.e. 
t G [0, oo). Hence d]^.jn {t) > dj^o^ (t) for a.e. t G [0, oo). Clearly, Mr{t + iy) — 
i{t + iy-Tr)^^/'^. lit > r, then t G g{Tr) and M{t) s-limy^Q M (t + iO) exists 
and 

Mr{t) s-lim M^(t + iy) = i(t - T^)"1/2£;t([0, r)). 

Hence dj^nr{t) = dim(ran (i?T([0, r)))) = oo for t > sq. Hence dMo{t) = 
dAiit) = oo for a.e. t > sq which yields dj^D{t) = dM{t) for a.e. t G [0,oo). 
Using Theorem l2.8f ii) we obtain that A'^'^ and are unitarily equivalent which 
shows Aq and Ai are unitarily equivalent. □ 

Remark 4.4 The statements on A^, A^ and A^ are proved self-consistently 
in the framework of boundary triplets. However, the unitary equivalence of 
A^ and A^ can be proved much simpler. In fact, the Dirichlet and Neumann 
realizations Id and In of the differential expression / := — ^ in L^(R+) are 
unitary equivalent. If U : L^(R+) — > L^(R+) is such a unitary operator, i.e. 
UId = InU, then we have 

A^ = lN(g)In+Isi®T = 

{U (^In)[lD®In+h®T]{U* ®In) = {U® In)A''{U* ®In). 

The proof can be extended to any non-negative realization Ih of / fixed by 
the domain dom(/,0 {/ G W'^''^{M.+ ) : /'(O) = hf{0), h > 0}. Moreover, a 
proof of the absolutely continuity of A^ and A^ , which does not used boundary 
triplets, can be found in Appendix lA. 21 For the Krein realization A^ we do not 
know such proofs. 

Next we describe the spectral properties of any self-adjoint extension of A. 
In particular, we show that the Friedrichs extension A^ of A is ac-minimal, 
though A does not satisfy conditions of Theorem 13.111 

Theorem 4.5 LetT >0, T ^T* e [H], and ti inf CToss (T). Let also A he 
the symmetric operator defined by (14.11) and A = A* ^ Ext a ■ Then 

(i) the absolutely continuous part A"''^E^{[ti,oo)) is unitarily equivalent to the 
part A^EAD{[ti,oo)); 

(ii) the Dirichlet, Neumann and Krein realizations are ac-minimal and 
a(A^) = a{A^) = (TaM'^) C OaM); 

(iii) the absolutely continuous part A""^ is unitarily equivalent to A^ whenever 
either [A ~ i)"^ - {A^ - i)-^ G &oo{^) or {A - i)-^ - {A^ - i)-^ G ©co(-^). 

Proof. By [351 Corollary 4.2] it suffices to assume that the extension A ^ A* 
is disjoint with Aq, that is, by Proposition I2.3f ii) it admits a representation 
A = Ab with B G C{H). 
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(i) Let n = {n,To,ri} be a boundary triplet for A* defined by gS]). In 
accordance with Theorem l2.8l we calculate djyjK (t) where Mb{-) ■— {B— M{-))~^ 
is the generalized Weyl function of the extension Ab, cf. (j2.6p . Clearly, 

Ini(AfB(z)) = Meiz)* lm{M{z))MB{z), z € C+. (4.13) 

Since Ke{\/ z — A) > for z = i + iy, j/ > 0, it follows from (|4.5p that 

Ini(M(z)) = / Re(Vz - A) dEriX) > [ Re{y/z - A) dE^rlA), (4.14) 

where z = t + iy. It is easily seen that 

Re(Vz - A) > Vt- A > A € [0, r), t > r. (4.15) 

Combining (|4.13p with (j4.14p and (|4.15l) we get 

Iui{MB{t + iy)) > \/t - TMBit + %)*£'t([0, T))MB{t + iy), t > t > 0. 
Let Q be a finite-dimensional orthogonal projection, Q < Et{[0,t)). Hence 

lni{MB{t + iy))>Vt- TMB{t + iyYQMsit + iy), t > t > 0, y > 0. 

Setting Hi = ran((5), ^2 ■— ra.n{Q^), and choosing K2 G ©2('H2) and 
satisfying ker(_ft'2) = kei {K2) = {0}, we define a Hilbert-Schmidt operator 
K ■=Q(S)K2& 62{n). Clearly, ker (iC) = ker {K*) = {0} and, 

luY{K*MB{t + iy)i^) > (4.16) 
- TK*MB{t + iy)*QMB{t + iy)K, t > t > 0. 

Since Ms(-) G (i?«) and Q, K e &2{'H), the limits 

K*MB{tyQ s-limX*M_B(i + i?;)*(3 and 

{QMbK) (t) s-lim QMs (< + iy)K 

exist for a.e. i g E (see [5]). Therefore passing to the limit as y — > in (|4.16p . 
we arrive at the inequality 

Im(Aff (t)) > Vt^{K*MB{tyQ)iQMBK{t)), t > t > 0, y > 0. 

It follows that 

dim(ran {{QMBK){t))) <dim{Tan (imMj^it))) = dM^it), t > t. (4.17) 

We set M^iz) := QMb{z)Q ] Hi. Since dimCHi) < 00 the limit M^{t) 
s-limy;o^B(^ + *y) exists for a.e. t e M. Since {QMBK){t) \ Hi = 
ran (^(Mf )(t)^, (|iT7)) yields the inequality 

dim(ran (M^(t))) < dini(ran {{QMBK){t))) < dMg{t) (4.18) 
for a.e. t e [r, 00). 
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Since dim('Hi) < oo and ker(M^(2;)) = {0},2; € C, we easily get by 
repeating the corresponding reasonings of the proof of Theorem 13.111 that 

ran (M^(i)) = Hi for a.e. t G M. Therefore (|IT5)) yields dini(Hi) < d^f (0 

for a.e. t e [r, oo). 

If T > ti, then dim(£'T'([0, t))^) — oo and the dimension of a projection 
Q < Et{[0,t)) can be arbitrary. Thus, d]^jK{t) = oo for a.e. t > t. Since 
T > is arbitrary we get dj^K{t) = oo for a.e. t > ti. By Theorem 12. 8( ii) the 

operator A'^'^E^{[ti,oo)) is unitarily equivalent to AoEAo{[ti,oo)). 

(ii) If r e {to,ti), then dim(£'T([0, r))?^) =: p(t) < oo. Hence, dim(Q-H) < 
p{t) which shows that dfjK{t) > p{t) for a.e. t e (r, ii). Since r is arbitrary, 
we obtain df^K {t) > pir) for a.e. t e [0, ti). Using Theorem l2.8f i') we prove 

is ac-minimal. Using Theorem I4.3f iv) we complete the proof of (ii). 

(iii) By Lemma 14.21 the invariant maximal normal function xn^{t) is finite 
for t G K. By Theorem 12.91 and [A^)"-'^ are unitarily equivalent. Similarly 
we prove that A"-'^ and [A^Y^ are unitarily equivalent. To complete the proof 
it remains to apply Theorem 14. Sr i). □ 

Using Definition 11.11 one gets the following corollary. 

Corollary 4.6 Let the assumptions of Theorem \4.5\ be satisfied. //dim('H) = oo 
and to := inf a(T) = inf aess (T) ='■ ti, then 

(i) the Dirichlet, Neumann and Krein realizations are strictly ac-minimal; 

(ii) the absolutely continuous part A""^ of A is unitarily equivalent to A^ , when- 
ever 

(A-*)-i-(A^-*)-ie6oo(io). (4.19) 

Proof, (i) This statement follows from Theorem 14. 5 T i) and Theorem 14.31 

(ii) To prove this statement we note that by the Weyl theorem the inclusion 
(OiB yields (Tess(^) = <Jess{A^)- Since cr^ss{A^) = cTadA^) = [to,oo) we 
have CTcss (A) = [to, oo). On the other hand, by Theorem 14. 5f i) we get [to, oo) = 
(Tess{A) C aac{A). Thus, (Tac(I) = [to,oo) and I'^^ = I'^^i;^([to,oo)). Using 
Theorem l4.3f i') and again Theorem l4.5f i') we find that A""^ is unitarily equivalent 
to A^. □ 

Remark 4.7 According to (|4.10p the condition m+{t) < oo, t € R (cf. ([2^ 1 is 
not satisfied for the Weyl function Mo{-) of the Neumann extension A^ . Thus, 
the statement (ii) of Corollary 14.61 shows that the assumption m+ (t) < oo of 
Theorem l2.91 which is a generalization of the classical Kato-Rosenblum theorem, 
is sufficient but not necessary for validity of the conclusions. 

Corollary 4.8 Let the assumptions of Theorem \4-5\ be satisfied and let 
dim('H) ~ oo. Then A^ is strictly ac-minimal if and only if to — ti. 

Proof. Let to < ti. Then there is a decomposition T ~ Tun ffi Too such 
that Tfin acts in a finite dimensional Hilbert space Hgn and to = inf cr(Tfin) 
and Too = T^ e C{Hoo) and to < ^oo := inf cr(Too) < ti. This leads to the 
decomposition A — Ann ® ^oo where Afin and Aoo are defined analogously to 
(|4?T|) . Clearly A^ = A§^ O A^. By Theorem l4?3l both extensions A^^ and 
A^ are absolutely continuous and their spectra are given by a{A^^) = [to,oo) 
and a{A^) = [too,oo). Since dini(?^oo) = oo the deficiency indices of Aoo are 
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infinite. We note that (—00,^00) is a spectral gap for Aoo. Using a result of 
Brasche [71 there exists an extension A^o = A'^ G Ext such that cr(yloo) C 
[to, 00), the part AooE^ {[to, too)) is absolutely continuous and N-^^^{t) = 00 
for t e [to,ti). 

Let A := A^^ © Aoo- The operator A is a self-adjoint extension of A such 
that a{A) = a{A^) = [to, 00). The parts A^ E,^D{[to,too)) and AEj^{[to,too)) 
are absolutely continuous. However, the absolutely continuous parts of both 
extensions are not unitarily equivalent. Indeed, for a.e. t e [to, too) one has 
Nj^D{t) < 00 but N^^^{t) — 00, by construction. Hence A^ is not strictly 
ac- minimal which yields to = ti . The converse follows from Corollary I4.6f i) . □ 

5 Sturm-Liouville operators with unbounded 
operator potentials 

5.1 Regularity properties 

In this subsection we consider the differential expression (j4.1|) with unbounded 
non-negative T = T*{g C{Wj) in ^ L'^(R+,n). The minimal operator 
A := Ajnin '■= A., cf. p.ip and (|1.2p . is densely defined and non- negative. If T is 
bounded, then A coincides with (j4.ip . 

Let Hi{T) be the Hilbert space which is obtained equipping the set dom (T) 
with the graph norm of T. Moreover, for any s > we equip dom {T'') with the 
graph norm 

Ms = i\\u\\l + \\T'u\\l)'^^, 5>0, uen, (5.1) 

and denote by T-LsiT) the corresponding the Hilbert space. Following [3H Def- 
inition 1.2.1] the intermediate spaces [X, 9 £ [0,1], of X = 'Hi(T) and 
Y = no{T) := n are defined by [X,Y]0 = 6 e [0, 1]. 

Furthermore, by Hs{T), s < 0, we denote the completion of H with respect 
to the "negative" norm 

\\u\\s=\\{I + T-^')-'^/^u\\n, s<0, u&n. (5.2) 

At first, we describe the domain dom (A) of the minimal operator A. For 
this purpose, following [32] we introduce the Hilbert spaces 
W'''^iR+,n) n L^{R+,niiT)), keN, equipped with the Hilbert norms 

ll/llw^,^- / i\\f^''Ht)rn + \\fit)rn + \\Tf{t)rn)dt. 

Obviously we have Vq C W^'^(M+,'H) where is given by (|1.2I) . The closure of 
Vo in W^'^iR+,'H) coincides with T4^o;^(R+, ?^) := {/ e W^'^iR+,n) : /(O) = 
/'(O) = 0} which yields W^-^^{R+,n) C dom (A). 

Lemma 5.1 Let T — T* be a non-negative operator in %. Then the do- 
main dom {A) equipped with the graph norm coincides with the Hilbert space 
W,^'-^(M+, H) algebraically and topologically. 
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Proof. Obviously, for any f £ Vq we have 



\\Af\\i= / \\f"{x)Cdx 

+ ^ |lr/(a;)||?,dx-2Re 1^ (/"(x), T/(x))„ dxj 

Integrating by parts we find 

/ {f"{x),Tf{x))dx^- [ VTf'{x)^ dx. 

Hence 

M/lll-/ \\nx)fdx+[ \\Tf{x)fdx + 2 [ Vffix) 

JM+ Jr+ JM+ 

for any / G 2?o which yields 

11/11^... <p/IL| + ||/f, feVo. 

Furthermore, by the Schwartz inequality. 



dx 



H 



Re 



{f{x),Tf{x))^dx 



<ll/llw=.^, /e2?o 



which gives 



11-4/11^, + 11/11^ <2||/||;..,„ feVo. 
Thus, we arrive at the two-sided estimate 

11/11^... < WAfWl + WfWl < 2||/||^.,., / € Vo. 

Since Vq is dense in Wq'^{M.+ ,'H) we obtain that dom(yl) coincides with 

Wq'-^(]R+,'H) algebraically and topologically. □ 
In opposite to the case of the minimal operator A = Amin the maximal 
operator ^max = ^min obviously satisfies C dom(Ainax), though 

dom(^niax) 7^ VVrp' (R+,H) if T is not bounded. Moreover, it was firstly shown 
in [IH] (see also 1201 Section 4.1]) that the trace mapping 

{70,71}: W^'^{I,H)^H3/4{T)(SH,/4{T), {70,71}/ = /'(a)}, 

can be extended to a continuous (non-surjective) mapping 

{70,71} : dom(A„,ax) ^ H_i/4(r) ® H_3/4(r). 

It is also shown in Theorem 4. 1. 1] that y(-) E dom (A„iax) if and only if the 
following conditions are satisfied: 

(i) y'{-) exists and is an absolutely continuous function on / into 'H_i(T); 

(ii) Ay e L^{I,H). 
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This result is similar to that for elliptic operators with smooth coefficients in 
domains with smooth boundary, cf . [131 [JT] . A similar statement holds also for 
the operator Amax = ^min considered in L^(R+,H), cf. [TTJ Section 9]. 

Next, we investigate the Friedrichs extension and the Krein extension 
of the operator ^ > 0. We define also the Neumann realization A^ as the 
self- adjoint operator associated with the closed quadratic form In, 

tN[.f] ■■= r {\\nx)\\l, + \\VTf{x)\\l} dx = 11/11^,,. - (5.3) 

Jo ^ J 

/ e dom(tjv) := VF^(M+,-H). Clearly, A^ e Ext a- In the case of bounded T 

one has A^ — Ai where Ai is defined in Theorem 14. 3f ii). 

We note that the closed quadratic tp associated with Friedrich extensions 
is given by tp W \ dom (t^), dom (t^) := {/ e : /(O) = 0}. 

Proposition 5.2 Let T = T* e €{%), T > 0, and let A A Let also 
Tin ■= Ta.n (^Et{[ti — T„ :— TExiln — l^n)), n G N, and let Sn be 

the closed minimal symmetric operator defined by (j4.ip in Sjn ■= 
with T replaced by Tn- Then 

(i) the following decompositions hold 

oo oo oo oo 

A = ^^Sm A^ = ^^S^, ^^==^^5*^, A^ ^^^S^; (5.4) 

n— 1 n— 1 n— 1 n— 1 

(ii) the domain dom(A^) equipped with the graph norm is a closed subspace of 
W^'^(R+,H) is given by dom(A^) = {/ € VF^ ^(R+,H) : /(O) = 0}; 

(iii) the domain dom(A^) equipped with the graph norm is a closed subspace of 
W^'^(R+,H), IS give by dom(A^) = {/ e wI'\M.+ M) : /'(O) = 0}. 

Proof, (i) Since Lemma 15.11 is valid for bounded T we find that the graph 
gr {Sn) of Sn equipped with usual graph norm is algebraically and topologically 
equivalent to W^^^(M+, "Hn), n S N. Obviously, we have 

W^'2(K+,H) = W^f (R+,H„) 

which yields 

gr(A)=0gr(5„). 

nGN 

However, the last relation proves the first relation of (|5.4p . 

The second and the third relations are implied by CoroUarv 13.51 To prove 
the last relation of (El we set 5^ := ^"^^^ S^ . Since S^ = {S^)* G Ext 5„ 
and A — 5'„, S^ is a self-adjoint extension of A, S^ G Ext^i. Let 

/ = fn & ^ where = ^^^i^Jn- Denoting by In the quadratic form 

associated with S^ we find / = /n G dom(tAr) if and only if /„ G 

dom (t„), n G N, and ^n[fn] < oo where t„ is the quadratic form associated 
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with S^,neN. If / e doni(iAr), then 

n=l ri=l-^0 

= + \\VTfix)\\l}dx = iMif] 

which yields / € dom (iAr). Conversely, if / G dom (In) and / = fn, then 

/„ e dom (t„), rt e N, and tn[/n] < oo which proves / G dom (tTv). Hence 

(ii) Following the reasoning of Lemma 15.11 we find 

||/„f^.^. < ll^^/nllL + ll/nllL < 2||/„|P^2,., n e N, (5.5) 

where /„ e dom(S'^) = {gn € W'^'^{R+,'Hn) ■ ffn(O) = 0}. Using representa- 
tion (j5.4|) for and setting /™ ©'ILi /" ^ dom(F„), we obtain from 
(1531) 

iinp^.,. < p^/'-iii + iini^ < 2iinp^.,., m e n. (5.6) 

Since the set {/" = 0"^^ /„ : /„ € dom (5^), m e N}, is a core for A^, 
inequality (|5.6p remains valid for / g dom(A-'^). This shows that dom(A^) = 
{/ e W|'^(M+,-H) : /(O) = 0}. Moreover, due to the graph norm of 
and the norm || • ||^^2,2 restricted to dom(A^) are equivalent. 

(iii) Similarly to (j5.5p one gets 

for /„ e dom (5^) = {.g„ G VK2,2(ig^^ . ^/^(q) = 0}, n G N. It remains to 
repeat the reasonings of (ii). □ 
In the following we denote by Cb{M.^,Hs), s G [0, 1], the space of bounded 
continuous functions / : 1R+ — > Hg- 

Corollary 5.3 Let the assumptions of Provosition lSTB be satisfied. Further, let 
df := /' be the derivative of f E T4^^'^(M+, "H) in the distribution sense. If 
f G dom {A^) U dom (A^), then 

(i) df := f G L'^{R+,'Hi/2{T)) and the maps 

d : dom (A^) 9 / ^ /' G L^{W+,nif2{T)), 
d: dom(A^)9/^/'GL2(M+,Hi/2(r)) 

are continuous; 

(ii) /(•) G Cb{R+,n3/4{T)), /'(•) G Cb{R+,ni/2{T)) and the maps 

: dom(^^) 9 / ^ /f^' G Cb{R+,Hy4-,/2{T)), 
: dom(A^) 3f^ /(■'■) G a(M+,H3/4-j/2(r)), 

j — 0,1, are continuous. In particular, one has /(O) G 'H3/4(T) and /'(O) G 

Hi/4(r). 
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Proof, (i) From Proposition 15.2^ 1) and (iii) we get that u € L^(R+,X), 
X = ni{T). Applying the intermediate Theorem 1.2.3 of [32] to X C 
Y = Ho T-L immediately obtain /' S L^(R+, [X, F]i/2) which yields 
/' e L'^{R+,'Hi/2{T)). Moreover, it follows that the map d is continuous. 

(ii) Combining Proposition 15 . 2^ 1) and (iii) with the trace theorem [32j The- 
orem 1.3.1] one proves (ii). □ 

Remark 5.4 Lemma [5.11 Proposition 15.21 and CoroUarv 15.31 also hold for re- 
alizations of the differential expression A considered on a finite interval /, i,e, 
in the space H). For this case Corollary 15.31 has firstly been proved by 

M.L. Gorbachuk [H] (see also EHl Corollary 4.1.5], [20, Theorem 4.2.4]) by 
applying another method. Realizations A G Ext a satisfying the condition 
dom(A) C C{I,'Hz/i{T)) are called maximally smooth (see [2D1 Section 4.2]). 

We emphasize however, that Lemma l5.1l and Proposition 15 .21 are new for the 
case of finite interval realizations too. 



5.2 Operators on semi-axis: Spectral properties. 



To extend Theorem l4.3l to the case of unbounded operators T = T* > we firstly 
construct a boundary triplet for A* , using Theorem l3.3l and representation (15. 4p 
for A. 

Lemma 5.5 Let the assumptions of Provosition lSTB be satisfied. Then there is 
a sequence of boundary triplets n„ = {Hn, Fon, Fi„} for S** such that II :— 
n„ =: {H, Fq, Fi} forms a boundary triplet for A*. Moreover, A^ — 
A* |"ker(Fo) and the corresponding Weyl function is given by 



Mi^)^!^EEI±M£Ell, ,eC+, (5.7) 

Proof. For any n S N we choose a boundary triplet n„ = {Hn, Fon, Pin} for 5* 
with Fo„,ri„ defined by g^]). By Theorem gSKi) = Son = S *„ \ ker ( Fo„) 
and by Lemma [4. II the corresponding Weyl function is M„(z) — i\J z — r„. 

Following Lemma l3.ll cf. p.6p , we define a sequence of regularized boundary 
triplets n„ ^ {Un, f On, Fm} for SI by setting i?„ := (Re(VI^T^))i/2, 
Qn := - Im(Vi - T^) and 

ro„:=i?„ro„, F In i?„ ^(Fin — QnPon), n G N. (5.8) 

Hence = Squ and the corresponding Weyl function Af „(•) is given by 

Mn(^)- '^ + .^"^/!^\ ^.C„ ueN. (5.9) 
Re(Vi - Tn) 

By Theorem [231 the direct sum II := ©^j^ n„ = {H, Fq, F i} forms a bound- 
ary triplet for A* and the corresponding Weyl function is 

M(z) = 0M„(z), zeC+. (5.10) 

neN 
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Combining with we arrive at From Theorem [331 (cf. (ESI)) 

and Coroharv 13.51 we get 

oo oo oo 

Ao^A* fker(ro)=0^: f ker ( f o„) = ^On = = (5.11) 

n— 1 n=l n—1 

which proves the second assertion. □ 
Next we generahze Theorem 14.31 to the case of mibomided operator poten- 
tials. 

Theorem 5.6 Let T = T* > 0, to := inf tT(T). Let A := A^rnn be the minimal 
operator associated with A, cf. (jl.ip and let H = {%, Fq, Fi} he the boundary 
triplet for A* defined by Lemma 15.51 Then the following holds: 

(i) The Dirichlet realization A^ f := Af , f E dom(A^) := {g e VF^ ^(M+,H) : 
g{0) = 0} coincides with Aq A* ] ker(Fo) which is identical with the 
Friedrichs extension A^ . Moreover, A^ is absolutely continuous and a{A^) = 
CTaM^) = [to,oo). 

(ii) The Neumann realization A^ := Af , f G dom(A^) {g G VF^'^(R+,'H : 
^'(O) ~ 0} coincides with AgN := A* \ dom{AgN) where dom(j4^jv) = 

dom(ker(ri - B^f o)) and := ^/¥TVTTt^ . Moreover, A^ is ab- 
solutely continuous a{A^) = (7ac{A^) — [tQ^oo). 

(iii) The Krein realization (or extension) A^ is given by AgK :— A* \ ker (Fi — 
B^Tq), where 

= / ^ — \ (5.12) 

V2Vt + Vt + VTTt^ Vt + VT+T^ 

Moreover, kcr(A^) = S)q := Sj'q := {e^^^^/i : h e ra.n{T^/*)}, the restric- 
tion A^ \ doni(A^) n ^Jq is absolutely continuous, and A^ — Osj^ ®(^^)"'^. 
In particular, a{A^) = {0} U aac{A^) and aac{A^) = [to.oo). 

(iv) The realizations A^ , A^ and {A^)"''^ are unitarily equivalent. 

Proof, (i) From Proposition I5.2f ii) we get A^ = A^ . Applying Lemma 1^31 we 
get A^ — Aq. Finahy, using Proposition I5.2r i') and Theorem I4.3r i') we verify 
the remaining part. 

(ii) It is easily seen that with respect to the boundary triplet n„ = 
{T-Ln, Ton, Tin} defined by (|5.8p the extension A^ admits a representation 
A^ = Ab„ where B„ := ^T„ + ^/TTT^, n e N. By Proposition [QTi) . 

A^ = 0^=1 = ^i3" where B^ = 0^=1^"- The remaining part of (ii) 
follows from the representation A^ ~ 0i^i ^^d Theorem 14. 3f iiV 

(iii) Using the polar decomposition i — A = \/l + A^e'^*^'*'-' with 9{X) = n — 
arctan(l/A), A > we get 

/•oo 

Re(VT^) = / ^1 + A2 cos(6'(A)/2)d£;T(A). (5.13) 
Jo 

Setting ^(A) = arctan(l/A), A > and noting t hat cos (y'(A)) = A(l + X^y^^^, 
we find cos(6l(A)/2) = 2-^/2(1 + A2)-i/4(a + y^l + X^)-^/^. Substituting this 
expression in (j5.13l) yields 

Re(Vi^) = 2-^/^T + Vl + T2 )-i/2. (5.14) 
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Similarly, taking into account sin(6'(A)/2) ~ cos(iy9(A)/2) and cos(93(A)/2) = 
2-1/2(1 + A2)-i/4(A + yTTA2)i/2^ we get 



Im(V^^) = / v/l + A2 cos((^(A)/2)d£;T(A) = -^Vr+ ^1 + ^2. 
Jo V 2 

(5.15) 

It follows from ((^ with account of (lETil) and that M(0) := 

s-Xmix^QM[-x) -. where is defined by ^A^ . Therefore, by [TTl 

Proposition 5(iv)] the Krein extension is given by Aqk :— A* [ ker(ri — 
B^Tq). The remaining statement follows from Proposition 15. 2r i) and Theorem 

Il3i;iii). 

(iv) The assertion follows from Theorem 14. 3f iv) and (15. 4p . □ 
Next we generalize Theorem 14.51 to the case of unbounded T > 0. 

Theorem 5.7 Let T = T* > and ti inf crcss(T). Further, let A be the 
minimal operator of A, cf. p.ip - (|1.2p . and A = A* Cz Ext a- Then 

(i) the absolutely continuous part oo)) is unitarily equivalent to the 
part A°EAD{[ti,oo)); 

(ii) the Dirichlet, Neumann and Krein realizations are ac-minimal and 
a{AD) - a{A^) - a„,(A^) C OaM); 

(iii) the ac-part A"-'' is unitarily equivalent to A^ if either {A — i)~^ — (A^ — 

i)-^ e 6oo(-5) or (A-i)-^ - (A^ - z)-i e eooisj). 

Proof. By [35] Corollary 4.2] it suffices to assume that the extension A = A* 
is disjoint with Aq, that is, it admits a representation A = Ab with B € C{'H). 

(i) We consider the boundary triplet 11 — {H, Fq, Pi} defined in Lemma 
15.51 In accordance with p. 61) the Weyl function corresponding to is given 
by M b{z) = {B- M(z))-\ z e C+, where M(z) is given by Clearly, 

Iuy{M b{z))^ M b{z)*IMM{z))M b{z), z e C+. (5.16) 

It follows from that (Re(VT^~T)) > ^2. Therefore ([ETi)) yields 

Im(M(z)) > \/2Im(Af(z)), z G C+, where M(z) = iVI^, (5.17) 

cf. (|4.5p . Following the line of reasoning of the proof of Theorem l4.5f i) we obtain 
from (|5.17p that d^o{t) — oo for a.e. t G [ii,oo), where D ^ D* E &2{'H) and 
kev D = {0}. Moreover, it follows from (|5.16l) that d^D{t) ~ dj^D{t) — oo for 

a.e. t e [ti,oo). One completes the proof by applying Theorem 12.81 

(ii) To prove (ii) for A^ we use again estimates (|5.17l) and follow the proof 
of Theorem I4.5f ii). We complete the proof for A^ by applying Theorem 12.81 
Taking into account Theorem I5.6f iv) we complete the proof of (ii) . 

(iii) The Weyl function M (•) is given by (|5.7p . Taking into account (I5.10p 
one obtains sup„g|ijm+ < oo, where is the invariant maximal normal func- 
tion defined by (|2.8p . Indeed, this follows from (|4.6p because this estimate shows 
that m+ does not depend on n E N. Applying Theorem 12.91 we complete the 
proof. 
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To prove the second statement we note that the operator defined by 
(|5.12p is bounded. Therefore, by (|2.6p to j^k the Weyl function 

Mb'<{z) = (B^ - M{z))-\ zeC+. 
corresponds. Inserting expression (j5.12p into this formula we get 

-^1 1 1 1 VT-iV^^ 

AlaKiZ) = ;= — — . , = ;= , 

It foUows that the limit M gK{t + iO) exists for any i G M \ {0} and 

Clearly, MsKit) G [U] for any t G M \ {0}. By Theorem dJ] the ac-parts of A 
and are unitarily equivalent whenever [A — i)^^ — [A^ — i)^^ G &oo{^)- 
This completes the proof. □ 
Finally, we generalize Corollary 14.61 to unbounded operator potentials. 



Corollary 5.8 Let the assumptions of Theorem \5.1\ be satisfied. If, in addition, 
dim('H) = oo and to := ini a{T) = inf ctoss (T) ='■ ti, then 

(i) the Dirichlet, Neumann and Krein realizations are strictly ac-minimal; 

(ii) the ac-part of A is unitarily equivalent to A^ whenever (I4.19P is satis- 
fied. 

Proof. The first statement is immediately follows from Theorem I5.7f i) and 
Theorem I5.6f iv). The second statement is proved in just the same way as 
CoroUarySUn). □ 
Next we apply Theorem 15.71 to realizations Ac of the form 



y'(0) = CyiO), C^C*e C(H), 
using results of the papers [TSl HI] . 

Corollary 5.9 Let the assumptions of Theorem \5. 7| be satisfied. If either 

(T + ly^/^CiT + I)-^/^ G 600(H) or (T + I)-^ G 600(H) (5.18) 
is valid, then the ac-part A'^ is unitarily equivalent to A^ . 

Proof. According to EHHH] {Ac - i^^ - {A^ - iy^ G 6p provided that either 
(T + I)-^/^C{T + J)-i/2 G 6pCH) or (T + I)-^ G 6p(H) for p G [l,oo]. It 
remains to apply Theorem 15. Tf iii). □ 

Remark 5.10 Clearly, to 7^ if ^ > and (T + I)-'^ G 6oo- Thus, in this 
case A^ is ac-minimal but not strictly ac-minimal. 
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5.3 Application 

In this subsection we apply previous results to Schrodinger operators in the 
half-space. To this end we denote by L = imin the minimal elliptic operator 
associated with the differential expression 

in L2(r^+1)^ .= X R". Recall that is the closure of £ defined on 

C^{Rl+^). It holds dom(Lmi„) = iJ2(M^+i) {/ e i72(]jn+i) . j ^ ^j^n+i ^ 
0, f{ t i9R"+^ = 0} where n stands for the interior normal to (9R"+\ Clearly, 
L is symmetric. The maximal operator Lmax is defined by Lmax = (^min)*- 
We emphasize that ^ dom (L^ax) C i//;^(R++^) but dom (L,nax) 7^ 

i/2(R^+i). The trace mappings 7^ : C°°(E^) — > C'^{dM.l+^), j G {0, 1} are 
defined by 70/ := / [ aR++^ and 71/ := |{ f c»R';+i. Let £+ be the domain 
dom(Lniax) equipped with the graph norm. It is known (see [23j|32]) that 7^ 
can be extended by continuity to the operators mapping £+ continuously onto 
i?-J-i/2(5R^+i)^ J g {0,1}. 

Let us define the following realizations of C: 

(i) L^f := £/, / e dom(L^) := e i/^^^n+i) . ^ q^. 

(ii) i^/ £/, / G dom (i^) := G ^ ^ q}. 

(iii) i^/ := £/, / G do m (L^) := {.^ G dom (Lmax) : Jif + J^lof = 0} where 
A := v/-Ax + g(-) : iZ-^/^^^K^+i) ^ iJ-3/2(5Rn+i). 

To treat the operator imin as the Sturm-Liouville operator with (unbounded) 
operator potential we denote by T the minimal operator associated with the 
Schrodinger expression 

T :=-A, + q{x) ■.= -Y,g^ + Qi^), q(x)=q{x), (5.19) 

in n := L2(K"). It turns out that T is Moreover, If q{x) > 0, then T > 0. Let 
A :— v4,nin be the minimal operator associated with where T — Tmin- 

Proposition 5.11 Let q{-) G L°°(R), g(-) > 0, and /ef T be the minimal 
(self-adjoint) operator associated with T in L2(R). Let also to :— inf cr(T) and 
ti := inf (Toss (T). Then: 

(i) i/ie minimal operator A coincides with the minimal operator L and 
dom(^) = 

(ii) the Dirichlet realization A^ coincides with L^ , hence, L^ is absolutely 
continuous and a{L^) — crac{L^) = [^OjOo); 

(iii) the Neumann realization A^ coincides with L^, in particular, L^ is ab- 
solutely continuous and a{A^) = a-ac{A^) — [to,oo); 

(iv) the Krein realization A^ coincides with L^ , in particular, L^ admits the 
decomposition L^ — ®(-^^)"^; "^o '■— ker {L^), and (Jac{L^) — [^o, 00); 
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(v) the self-adjoint realizations , , and are ac-minimal, in particular, 
, , and (L^)"'^ are unitarily equivalent to each other. If to — ti, then the 

operators , and are strictly ac-minimal; 

(vi) if L is a self-adjoint realization of C such that either {L—i)^^ — {L^ — i)^^ G 
©oo(-^^(K++^)) or (L - - (L^ - e 6oo(i^(R++^)) is satisfied, then 
L""^ and are unitarily equivalent; 

(vii) If to = ti and if L is a self-adjoint realization of C such that (L — i)^^ — 
{L^ — i)^^ G ©oo(-^^^(I^+^"'^)) is satisfied, then L°''^ and are unitarily equiv- 
alent. 

Proof, (i) We introduce the set 
[i<j<fc 

We note that CVa, which is given by and Doo C C^(MJl+^). More- 

over, A \ T>rx> ~ L \ T>ao- Since T>ao is a core for both minimal operators A and 
L we have A^L which yields dom(^) = Ho'^(R'|.+i). 

(ii) Since A = L we have A^ = . Using = the proof of (ii) follows 
immediately from Theorem IS-Gf i). 

(iii) One verifies that VF^'^(R+,'H) = _ff^(R"+^), i.e, both spaces are isomor- 
phic. A straightforward computation shows that 

t^[/] := (CfJh = =: i-^lf], f e W^'^iR+,n) = H'i«l+'). 

Since W^'^ (R+ , is dense in VK^(E-|. , H) the completion of t-^ gives tj\f defined 

by (|5.3p which is the closed quadratic form associated with A^ . Moreover, using 
that i/2'2(K»+i) is dense in the completion of gives the closed 

quadratic form associated with . Since both completion coincide we get that 
A^ = . The remaining part follows from Theorem 15. 6f ii). 

(iv) Since ^ = L we have that A^ is identical with the Krein realization 
of £. However, it was proved in ill, Section 9.7] that even is the Krein 
extension of C The rest of the statements is implied by Theorem I5.6f iii) . 

(v) By Theorem 15. 7f ii) the extension A^ , A^ and A^ are ac-minimal. Tak- 
ing into account (i) - (iv) we find that , and are ac-minimal. The 
second statement of (v) follows from Corollary 15. 8f iV 

(vi) This statement follows immediately from Theorem 15 . 7f iii) and (ii). 

(vii) It follows from Corollarv l5.8f ii'). □ 

Remark 5.12 Let T be the (closed) minimal non- negative operator associated 
in H := L^(M") with general uniformly elliptic operator 

^ - E ""^^ ^ C'iK^')^ 1 e C(M;+')nL-(M!^+i), 

where the coefficients ajk{-) are bounded with their C^-derivatives, g > 0. If the 
coefficients have some additional "good" properties, then dom(T) = i7'^(R") 
algebraically and topologically. By Lemma ISTTl dom(^niin) = H^g '-^(M+, H) = 
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Hq'^(R""'""'^) and Proposition 15.111 remains valid with T in place of the 
Schrodinger operator (|5.19p . 

Note also that the Dirichlet and the Neumann realizations and are 
always self-adjoint ((of. [SI Theorem 2.8.1], [13])). 

Corollary 5.13 Let the assumptions of Provosition lS. 1 1\ be satisfied. If 

lim / qiy)dy = 0, (5.20) 

\x\-^oo J\x-y\<l 

then the realizations , and are strictly ac-minimal and 

a{L°) = aac(L^) = a(L^) = a,,(L^) = [0, oo). 

Proof. By jlTl Section 60] condition (j5.20p yields the equality (Tc(T) — R+, in 
particular G <7c{T) and ti = 0. Since q > 0, we have < io ^ = 0, that is 
^0 = ^1 = 0. It remains to apply Proposition 15 . 1 iT i)- fiv) . □ 

Remark 5.14 Condition (I5.20p is satisfied whenever lim|j.|^oo q{x) = 0. Thus, 
in this case the conclusions of Corollarv l5.13l are valid. However, it might happen 
that cr(L^) = cr(i^) = (Tac[L^) = [to,oo), to > 0, though inf g(a;) = 0. 

A Appendix: Operators admitting separation 
of variables 

A.l Finite interval 

Here we consider the differential expression A with unbounded T = T* > (cf. 
(|1.1[) ) on a finite interval / = [0, tt] and denote it by Ai. The minimal operator 
A :— A/^,„in := A' generated by A in the Hilbert space :— L^{I, %) is defined 
similarly to that oi A = ^min in L^(]R+, H). Obviously, Aj^^i^ is densely defined 
and non- negative. 

We briefly discuss the spectral properties of realizations of Ai which admit 
separating of variables. We set 

Aff := Aif. fedom{Af):={feW}^\l,n):f{0) = f{TT) = 0} 
Aff := Aif, fedom{Af):^{feW^'\l,n):f'{0) = f'i7:)^0} 

where W^'^{I,n) = W^'^{I,n) n L^{I,Hi{T)) with UiiT) deflned by (CT) . 

To state the main result denote by Id and In the Dirichlet and Neumann 
realization of the differential expression I := —d^/dx^ in the Hilbert space L'^{I), 
i.e. 

Id rdom (/,,), dom (/,,) = {/eW^2,2[o,^] ./(0)^/(^)^0}, 

In := \dom{lN), dom{lN) = {.f eW^^^[0,TT]: f{0) = f{n)=0}. 

Obviously, both spectra are discrete and given by cr(Zc) = {1,4, . . . , fc^, . . .}, 
A: e N and a{lN) = {0,1,4,..., P, . . .}, fc G No := {0} U N. 

Proposition A.l Let Af and Af be the Dirichlet and the Neumann realiza- 
tions ofAi in L'^{I,n) and let Tk := T + k'^ I-h{& C{n)). Then 
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(i) Af is unitarily equivalent to the operator ©^^T/j/ 

(ii) is unitarily equivalent to the operator ffi^pTfe/ 

(iii) The spectrum of the operators Af and Af is discrete, pure point, purely 
singular and absolutely continuous if and only if the spectrum of T is so. 

(iv) The spectral multiplicity functions Nj^d{-) and Nj^d{-) of the realizations 
Af and Af , respectively, are finite for each A € M whenever the multiplicity 
function Nt{-) is finite. Moreover, if cTaciT) = \tQ,co), then crac{Af) = [^o + 

1,00) 



iV(^P)„c(i) =pA^T»c(t) for a.e. t &[tQ + k'^,to + {k + lf), A; € N, 
as well as aac{Af) = [to, 00) and 

N^Ay)ac{t) = {p + l)NTac{t) for a.e. t e[to + k'^,to + [k + 
fc G No := {0}UN. 

(v) The operators (Af)"'" and {Af)"'" are not unitarily equivalent. 

Proof, (i) By the spectral theorem, the operator l^ = l*^ is unitarily equivalent 
to the diagonal operator Ad = diag (1^, 2^, . . . , fc^, . . .) acting in i^^i = ^^(N). 
Namely, UdId = ^dUd where J/d is the unitary map from X^[0,7r] onto 1^{H), 

PI °° 

and ak = (/, -\/2/7rsin kx). Hence 

{Ud ® In)A''{U*D ^ In) = (Ud ® IuWd ® In + ® T){U*d ® In) = 

00 00 

KD®lH + h.®T = ^(kHu + T) = 0Tfc. 

fe=l k=l 

(ii) In this case, by the spectral theorem, the operator A^ is unitarily equiv- 
alent to the diagonal operator Ajv = diag (0, 1^, 2^, . . . , A;^, . . .) in ij^r = Z^(No), 
UnIn = ^nUn where 



1 [2 °° 

Un ■■ f = —^bo + \ -y^bk cos kx 



{bk}^ e P(No) 



and 6fe = (/, ^J2fK cos kx). Repeating the previous reasonings we arrive at the 
required relation 

[Un ® In)A'^{U*j, ® In) = ®t=oTk- 

(iii) This statement follows immediately from (i) and (ii) in view of the 
obvious relations ct(0^i T^) = (J^^ a{Tk) and a-i-(0^i Tfc) = (J^i (^riTk)-, 

T = pp, s, sc, ac. 

(iv) From (i) and (ii) and the obvious relations <Jr{Tk) = fc^ + ar{Tk), t = 
d,pp, s, sc, ac, k we verify (iv). 

(v) From (i) and (ii) it follows that (Jac{Af) = <Jac{Tk) and aac{Af) = 
Ufcli o-ac{Tk) which yields aac{Af) f^ Uac{Af) which proves (v). □ 
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A.2 Semi-axis 

Our next purpose is to show that the spectral properties of reahzations of A 
admitting separation of variables can be investigated directly by applying ele- 
mentary methods. In particular, we present a simple proof of Theorem 15. 6r ii). 
let us at first prove a general statement. 

Lemma A.2 Let K and T he self-adjoint operators in the separable Hilbert 
spaces K, and %, respectively, and let Lk K ® I-u + Ijc ® T which is self- 
adjoint in K, ^H. 

(i) // the self- adjoint operators Ki and K2 are unitarily equivalent, then 
and oltc unitarily equivalent 

(ii) // K is absolutely continuous, then Lk is absolutely continuous. 

Proof, (i) Let V he a, unitary operator such that K2 = V*KiV. Then U := 
V ® Lfi is unitary and 

U*Lk,U = V* <g) Lu{Ki ®Iu+Ik® T)V ® In ^ K2® In + Ik®T ^ Lk^,- 

(ii) Let f) be an auxiliary infinite dimensional separable Hilbert space. In 
L^(M, f)) we consider the multiplication operator Q defined by 

iQfm^tfit), teR, feL\R,t)). (A.l) 

If K is absolutely continuous, then there is an isometry $0 ■ ^ — >■ L'^{M., ()) such 
that Q^o ^oK, = Ljc- Hence the isometry $ := $0 ^ -^w '■K.®T-L — > 

L^(M, [}) (8) "H intertwines Lk and L ■= Q® L-u+ /L2(R^f,) ® T, i.e. 

L<I> = ^Lk- 

Notice that L2(M, \))®'H ^ L2(M, () ® H). The operator L has in L'^{M., f)'), 
()':=() (g) "H, the representation L := Q + T where Q is a multiplication 
operator which is defined similarly as Q, cf. (lA.ll) . and T is given by 

(f := T'/W, / e dom (f ) := {/ e L''{m, f)') : T'f{t) e L'{R, f)')} 

where T' :— Itj(E)T. Using the Fourier transform T one easily verifies that Q is 
unitarily equivalent to the momentum operator —i-^ in L^(M, f)'), i.e J-^^ Q J- ~ 
— i^. This yields that 

FLF-^ = -i4- + H. 
dt 

Finally, using the gauge transform {Qf ){t) — e^**^/(t), / e L^(R, f)'), we find 
GTLT-^g-^ = -ij-^. Hence 

- = Q^^Lk (A.2) 

at 

Since the momentum operator — is absolutely continuous the relation (jA.2|) 
immediately implies that Lk is absolutely continuous. □ 
We consider the self-adjoint operator 

lr-=-^\ dom (Ir), dom (/,) = {/ G W'^\R+) : /'(O) = r/(0)}. 
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in JC := L^(R+) where t G R+ U {0} U {oo}. The extensions r = and r = 

,2 2 

oo are identified with the Neumann and the Dirichlet reahzations of — ^ , 
respectively. Further, let T = T* > 0, T G C('H). Consider the family of 
self-adjoint operators 

Ar ■.= lr(^I-H+lK(^T, T G M+ U {0} U {oo}, (A.3) 

in the Hilbert space /C(g)'H = L^{R+,'H). Note for each r G M+U{0}U{(X)} the 
operator Ar can be regarded as a self-adjoint extension of the minimal operator 
A defined by ([TTTIl and (|L2]) . In particular, we have Aq = A^ and Aoo = A^ . 

Corollary A.3 Let T = T* > 0. 

(i) If Ti > and T2 > 0, then A^-^ and A^^ are unitarily equivalent. In particu- 
lar, the extensions A^ and A^ are unitarily equivalent. 

(ii) If T > 0, then Ar is absolutely continuous. In particular, A^ and A^ are 
absolutely continuous. 

Proof, (i) From [371 Section 21.5] we get that the operators Ir are unitarily 
equivalent to each other if r > 0. Applying Lemma lA.2r i') we prove (i). 

(ii) Using the Fourier transformation one easily proves that the operator Iq 
is absolutely continuous. Taking into account Lemma lA.2f ii) we verify (ii). □ 

Remark A. 4 

(i) We note that the above reasonings cannot be applied to realizations of A 
which do not admit the tensor product structure (jA.3|) . 

(ii) Comparing Corollary IA.3I with Proposition lA.ll we obtain that there are 
substantial differences between spectral properties of realizations on the semi- 
axis R+ and on a finite interval /. Indeed, for self-adjoint realizations of A 
on M-|_ the ac-part can never be eliminated for any T = T* > 0, cf. Theorem 
I5.7f ii). In contrast to that the spectral properties of self- adjoint realizations of 
Ai strongly depend on T. 
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